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Certifying quantum properties from the
probability distributions they induce is an im-
portant task for several purposes. While this
framework has been largely explored and used
for quantum states, its extrapolation to the
level of channels started recently in a variety
of approaches. In particular, little is known
about to what extent noise can spoil certifica-
tion methods for channels.

In this work we provide a unified method-
ology to certify nonlocal properties of quan-
tum channels from the correlations ob-
tained in prepare-and-measurement protocols:
our approach gathers fully and semi-device-
independent existing methods for this purpose,
and extends them to new certification criteria.
In addition, the effect of different models of de-
phasing noise is analysed. Some noise models
are shown to generate nonlocality and entan-
glement in special cases. In the extreme case
of complete dephasing, the measurement pro-
tocols discussed yield particularly simple tests
to certify nonlocality, which can be obtained
from known criteria by fixing the dephasing
basis. These are based on the relations be-
tween bipartite quantum channels and their
classical analogues: bipartite stochastic matri-
ces defining conditional distributions.

1 Introduction
Quantum theory predicts phenomena that cannot be
explained with local hidden-variable models [1, 2].
This property, known as nonlocality, is a resource for
certain protocols in quantum information and compu-
tation [3, 4]. These are implemented by using quan-
tum states describing physical systems, which are pro-
cessed and manipulated through quantum operations.
Information is obtained by performing measurements,
which provide a probability distribution in terms of
relative frequencies of outcomes.

Therefore, it is of primal importance to identify
nonlocal properties of both quantum states [5, 6]
and the quantum operations acting on them [7–9],

from the nonlocal behaviors in the outcome prob-
ability distributions [10–12]. Bell games are linear
tests for measurement protocols that identify non-
locality in quantum states, by analysing the corre-
lations obtained through classical inputs and out-
puts [1, 2, 13]. By using quantum inputs, these can
be modified to detect nonlocality of all entangled
states [14]. Although these methods have been em-
ployed to study nonlocal properties of quantum states
for several decades [1, 2, 13, 14], it was more recently
that similar schemes were proposed to identify nonlo-
cality in quantum channels [7–9, 15–17].

However, quantum operations in realistic setups
suffer from the phenomenon of decoherence: due to
imperfect isolation, internal degrees of freedom of the
system are coupled with the environment [18, 19].
This typically leads to a full or partial loss of quan-
tum properties [20], and therefore identifying nonlo-
cality in decoherent setups becomes a challenge [21].
In particular, quantum systems are affected by de-
phasing noise [22, 23], which acts on a quantum state
by damping the off-diagonal terms in the density ma-
trix while leaving intact the diagonal terms in a fixed
basis [24–26].

In this paper we provide a framework to certify non-
local properties of quantum channels, in the presence
of dephasing noise. To this end, we use measure-
ment protocols depicted in Fig. 1 to formulate (semi-
)device-independent criteria to certify nonlocality of
quantum channels. This approach includes and ex-
tends existing methods [7, 16] and allows us to identify
the role of dephasing noise in the nonlocal properties
of quantum channels: while local dephasing cannot
generate nonlocality, there are cases in which a global
dephasing operation can generate both entanglement
and nonlocality. Our analysis in the case of complete
decoherence yields simple criteria to detect nonlocal-
ity in quantum channels through a geometric insight
into the transition from quantum to classical opera-
tions.
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2 Preliminaries
2.1 Quantum and classical states and channels
The set of quantum states ρ acting on a Hilbert space
of dimension d is represented by Md. The set of classi-
cal states, namely the d-dimensional probability sim-
plex, is denoted by ∆d. A classical channel transform-
ing probability distributions is a stochastic matrix,
that is, a matrix with non-negative entries that sum
up to one in each column. The set of stochastic ma-
trices with the dimension of inputs and outputs equal
to d is represented by Sd. Analogously, completely
positive (CP) and trace-preserving (TP) linear maps,
EA0→A1 , also known as quantum operations or quan-
tum channels [27, §10.3], transform quantum states.
Their inputs and outputs are density matrices acting
on a Hilbert space HA0 and HA1 with dimensions dA0

and dA1 , respectively. When the input and output
systems are held by the same party, we will denote by
A the joint system A0A1 and use the notation EA, or
simply E , if no confusion arises.

We denote by JE
A0A1

(or simply JE) the dA0dA1 ×
dA0dA1 Choi matrix acting on HA0 ⊗ HA1 , which
defines a quantum channel EA through the Choi-
Jamiołkowski isomorphism [28, 29],

EA(ρA0) = TrA0(JA0A1(ρTA0
⊗ 1A1)) . (1)

Here, 1X denotes the identity operator on HX and the
superscript T the transpose operation. The complete
positivity and trace preserving (CPTP) conditions re-
quire that JA0A1 ≥ 0 and

JA0 := TrA1(JA0A1) = 1A0 , (2)

where we denote the partial trace by omitting the
traced subsystems.

Following [30, 31], we denote a quantum superchan-
nel as a bipartite channel ΞAB with the special prop-
erty that it transforms Choi matrices to Choi matri-
ces. That is, a quantum channel EA1→B0 is trans-
formed according to

ΞA0B0→A1B1(EA1→B0) = E ′
A0→B1

. (3)

For the above to hold, the Choi matrix of Ξ should
satisfy [31]

JΞ ≥ 0 (4a)
JΞ
A0B0

= 1A0B0 (4b)
JΞ
AB0

= JΞ
A0A1

⊗ 1B0/dB0 . (4c)

Similarly, a classical superchannel Γ [32], trans-
forming stochastic matrices of size dB0 × dA1 to those
of size dB1 ×dA0 , corresponds with a bipartite stochas-
tic matrix of dimension dA1dB1 × dA0dB0 . To be a
valid superchannel, it has to additionally satisfy∑

b1

Γa1b1,a0b0 =
∑
b1

Γa1b1,a0b′
0
. (5)

Physically, equations (4c) and (5) impose nonsignal-
ing conditions: the outputs cannot signal to the in-
puts; see also Eqs. (15a) and (15b). The set of
quantum and classical superchannels acting on d-
dimensional channels are respectively denoted by Θd

and Td.

2.2 Nonlocality of bipartite distributions
A bipartite probability distribution describes indepen-
dent events when it is a product of local distribu-
tions, p(a, b|x, y) = p(a|x)p(b|y). The convex closure
of these forms the Bell local distributions (L) [2, 13],
decomposing as

p(a, b|x, y) =
∑
λ

pλ p(a|x, λ)p(b|y, λ) , (6)

where pλ ≥ 0 and
∑
λ pλ = 1. Otherwise, the distri-

bution is called Bell nonlocal.
In quantum theory, probabilities p(a, b|x, y) are ob-

tained through Born’s rule,

p(a, b|x, y) = Tr(Ma|x ⊗N b|yρAB) (7)

for some shared state ρAB and positive operator-
valued measurements (POVM) Mx and Ny. That is,
Ma|x, N b|y ≥ 0 for each effect and

∑
aM

a|x = 1A,∑
bN

b|y = 1B [27, §10.1]. Distributions obtained
from Eq. (7) are called quantum (Q).

A probability distribution is called nonsignaling
(NS) if it has well-defined marginals, i.e., it satisfies

p(a|x) =
∑
b

p(a, b|x, y) =
∑
b

p(a, b|x, y′) , (8a)

p(b|y) =
∑
a

p(a, b|x, y) =
∑
a

p(a, b|x′, y) . (8b)

The sets L, Q and NS are convex and form a chain of
inclusions

L ⊂ Q ⊂ NS . (9)

Thus, they can be separated with linear functionals

γ(p) :=
∑
xyab

γab,xyp(ab|xy) (10)

on the space of bipartite probability distributions,
called Bell functionals. One denotes γS :=
maxp∈S γ(p) the maximum value of a Bell functional
γ over the set of distributions inside a selected subset
S (typically L, Q or NS). For example, the Clauser-
Horne-Shimony-Holt (CHSH) [33] functional γab,xy =
(−1)a+b(−1)xy satisfies γL = 2, γQ = 2

√
2 and

γNS = 4 [13, 34].

2.3 Nonlocality in quantum states
A Bell protocol is a device-independent local mea-
surement protocol where a bipartite probability dis-
tribution is obtained from a bipartite quantum state
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through Eq. (7). Assuming quantum theory, the only
subsets of bipartite distributions that can be obtained
in this way are local (L) or quantum (Q). Separa-
ble quantum states can only produce local correla-
tions, and therefore observing nonlocal quantum cor-
relations is an indicator of the presence of entangle-
ment [35, 36]. A quantum state ρAB which cannot
produce nonlocal correlations in the bipartition A|B
will be called a local state in such bipartition.

Remarkably, not all entangled states can produce
correlations outside of L through Eq. (7), namely
there exist local but entangled states [5, 37]. How-
ever, a subtle difference exists between separable and
entangled states in certain measurement protocols: it
was shown by Buscemi that all entangled states ρAB
produce correlations that cannot be obtained from
separable states in a semi-device-independent proto-
col with trusted quantum inputs [14],

p(ab|xy) = Tr(τxR ⊗ ρAB ⊗ ωyS ·Ma
AR ⊗Ny

BS) . (11)

Here the inputs are fixed sets of quantum states {τx}
and {ωy} used in ancillary systems R and S. Dis-
tributions that cannot be obtained in this way from
separable states are known as Buscemi nonlocal. For
example, consider a state that is entangled but can-
not produce distributions out of L through Eq. (7)
[5]. Through Eq. (11), such a state produces distri-
butions that are inside the local polytope L, but are
Buscemi nonlocal and therefore denote entanglement.
Quantum measurement protocols obtained through
Eq. (11) are called Buscemi protocols to distinguish
them from Bell protocols in Eq. (7).

2.4 Nonlocality of bipartite channels
Bipartite classical channels are characterized by bi-
partite stochastic matrices [38–41], which are by def-
inition isomorphic to bipartite correlations. That is
to say, by arranging a conditional probability distri-
bution p(ab|xy) in a matrix with columns labeled by
xy, one obtains a bipartite stochastic matrix. This
implies that the nonlocal structure of bipartite cor-
relations defines accordingly a nonlocal structure in
the set of bipartite stochastic maps. In particular,
consider bipartite stochastic matrices of the form

SAB =
∑
λ

pλT
λ
A ⊗RλB , (12)

where TλA ∈ RdA1 ×dA0 and RλB ∈ RdB1 ×dB0 are
stochastic matrices. These stochastic matrices corre-
spond with local probability distributions that decom-
pose as Eq. (6), and thus we call them local stochastic
matrices.

In the framework of quantum channel nonlocality,
we distinguish the following three classes of channels.

• Local operations assisted by shared randomness
(LOSR): Operations EAB which can be repre-

sented as the convex combination of local oper-
ations – tensor product of quantum channels,

EAB =
∑
λ

pλEλA ⊗ EλB , (13)

where pλ ≥ 0,
∑
λ pλ = 1 and EλA(B) are quantum

channels. These are the free operations in the
resource theory of both Bell and Buscemi nonlo-
cality [16, 42–44] and are analogous to separable
bipartite quantum states. Channels outside the
set of LOSR are termed nonlocal and can be com-
pared to entangled states.

• Localizable, or local operations and shared entan-
glement (LOSE): Operations EAB where Alice
and Bob can do local operations assisted by a
shared quantum state τEF [45, 46]. Namely,

E(ρA0B0)=TrE1F1

(
EAE ⊗ EBF (ρA0B0 ⊗ τE0F0)

)
.

(14)

• Causal, or quantum nonsignaling (QNS): Oper-
ations EAB where Bob’s (Alice’s) output can-
not be influenced by Alice’s (Bob’s) local opera-
tions [45, 47]. The marginals of their four-partite
Choi matrices JE

A0B0A1B1
satisfy

JE
A0B0B1

= 1A0 ⊗ JE
B0B1

/dA0 , (15a)
JE
A0A1B0

= JE
A0A1

⊗ 1B0/dB0 . (15b)

Analogous to nonsignaling correlations in Eq. (8),
nonsignaling channels have also well-defined
marginal channels proportional to JE

A0A1
and

JE
B0B1

.

We have the chain of inclusions (see Fig. 2)

LOSR ⊂ LOSE ⊂ QNS . (16)

2.5 The effect of dephasing noise in quantum
states and channels
Here we will consider quantum noise producing deco-
herence through a dephasing channel D, which leaves
invariant the occupations of the input state in a pre-
ferred basis {|i⟩}, ⟨i| D(ρ) |i⟩ = ⟨i| ρ |i⟩, while damping
or inducing phases on the coherences. By imposing
that a dephasing channel is a CPTP linear map, one
verifies that it acts as [48–51]

DG(ρ) = ρ⊙G (17)

for some Gram matrix G, i.e., a non-negative ma-
trix with diagonal entries equal to one. Here ⊙ de-
notes the Schur product (also called entry-wise or
Hadamard product). That is, DG(ρ)ij = ρijGij where
|DG(ρ)ij | = |ρijGij | ≤ |ρij |.

Dephasing noise can lead to the full or partial loss
of the resource of coherence [52], which plays a cru-
cial role in most quantum protocols [53–55]. The rea-
son why the definition of the dephasing noise is basis
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dependent, is because quantum protocols take place
by measuring the inputs and outputs in a fixed ba-
sis which is determined by physical principles, e.g.
the energy eigenbasis in Hamiltonian dynamics or the
basis where measurements are performed in a given
protocol [53–56].

Similarly as for quantum states, the decoherent
noise acting on a quantum channel E through de-
phasing leaves invariant the diagonal entries of the
Choi matrix in a preferred basis and damps the cross-
terms [51]. A Choi matrix JE

A0A1
describing a channel

EA is converted into JE
A0A1

⊙ GA0A1 where GA0A1 is
a Gram matrix with some additional structure [51].
The most general form of such dephasing transfor-
mation is realized by pre- and post-processings along
with memory [30]. Assuming that there is no mem-
ory, dephasing noise acts as E ′ := DG′ ◦ E ◦ DG where
◦ means concatenation. Then, the Choi matrix JE

A0A1
of a quantum channel EA is mapped to [51]

JE′

A0A1
= JE

A0A1
⊙ (GA0 ⊗G′

A1
) . (18)

2.6 Complete decoherence: from quantum to
classical
Consider now complete decoherence occurring by
a completely dephasing channel D1, acting as in
Eq. (17) where G = 1. Then, a quantum state
ρ ∈ Md loses all off-diagonal terms and becomes a
probability vector p = diag(ρ) ∈ ∆d. Similarly, when
complete decoherence occurs in both the input and
output systems of a quantum channel EA, the result-
ing operation is given by the diagonal of the Choi
matrix [51]. That is, one has

JD1◦E◦D1
= ι[diag(JE)] . (19)

where ι embeds a vector into the diagonal of a matrix.
The CPTP conditions on EA imply that the vector
diag(JE) can be reshaped into a dA1 × dA0 stochastic
matrix SE , which is a linear map between the dA1 - and
dA0-dimensional probability simplices. The stochastic
map SE , known as classical action [51, 56–59], will be
called here the decoherent action of E [51] to empha-
size that it corresponds to a possibly nonlocal channel
arising from the effects of decoherence. The decoher-
ent action can be obtained from Kraus operators Ki

of E through SE =
∑
iKi ⊙K∗

i , where * denotes the
complex conjugation [60].

The effect of complete decoherence on quantum
sets discussed above is summarized in Fig. 5. These
sets are obtained from the set Md4 of four-partite
states in different ways. Bipartite and monopartite
states are obtained by partial trace. The proba-
bility simplices of corresponding sizes are obtained
from these sets under decoherence. Bipartite and
monopartite quantum channels are obtained from
four-partite and bipartite states through the cross-
section of Eq. (2). In particular, a generic quantum

state σA0B0A1B1 with full-rank gives a generic quan-
tum channel through JA0B0A1B1 = Y σA0B0A1B1Y
where X = TrA0A1σA0B0A1B1 and Y = 1 ⊗ 1/

√
X

imposes the partial trace condition [61]. Then a clas-
sical map (stochastic matrix) is obtained due to de-
coherence as in Eq. (19) from the diagonal entries of
the Choi matrix J describing the bipartite channel.
The transition from channels to superchannels can be
seen as an extended Choi-Jamiołkowski isomorphism,
as superchannels are isomorphic to one-way quantum
nonsignaling channels through Eq. (4c). These de-
cohere to one-way nonsignaling distributions through
Eq. (5).

Thus one identifies classical subsets embedded in
quantum subsets at different levels: general distribu-
tions, conditional distributions and nonsignaling dis-
tributions are embedded in quantum states, channels
and superchannels. In this way, recent studies on the
geometry of the sets of local and nonlocal correla-
tions [21, 62] are directly linked to the research on
geometry of quantum states [27, 60, 63] and geome-
try of quantum entanglement [64, 65]. Furthermore,
analysis of the relative volume of the set of bipartite
local correlations [66–68] can be compared with the
problem of estimating the relative volume of the set
of bipartite separable states [69–73].

3 Channel nonlocality from local mea-
surements

3.1 Local measurement protocols with shared
entanglement
Bipartite distributions can be obtained from bipar-
tite quantum channels by choosing input states and
measuring their conditional outputs [7, 9, 15, 74], as
shown in Fig. 1. In this spirit, consider the probability
distribution obtained by the measurement protocol of
Fig. 1 (a),

p(a, b|x,y) = Tr
((
Ma
RA1

⊗N b
SB1

)
·

EAB ⊗ idRS [ΛxA0R ⊗ ΦyB0S
(ρABRS)]

)
. (20)

Here, idRS denotes the identity channel in RS, E ,
Λx and Φy generic quantum channels, Ma and N b

POVMs and ρ a quantum state. The subindices in-
dicate their respective systems. The following gener-
alizes existing results in detecting non-LOSR quan-
tum operations [7, 16], allowing for nonproduct input
states –Fig. 1 (a).

Proposition 1. Let p(a, b|x, y) be a probability dis-
tribution obtained from a bipartite quantum channel
EAB through Eq. (20). For any input channels Λx
and Φy and for any measurements Ma and N b, the
following holds:
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Figure 1: Schemes to obtain bipartite conditional probability distributions (bipartite stochastic matrices) from
bipartite channels: (a) A shared entangled state is processed with local operations (with ancillary systems) to produce the
inputs which undergo the channel E to be analysed, and then local measurements are performed to obtained the probabilities
of Eq. (20). (b) Product states prepared locally undergo a bipartite channel and then local measurements are performed to
obtain the distribution in Eq. (26). This case can be seen as bipartite distributions being obtained after local superchannels
are performed in the form of ΞA ⊗ ΞB [EAB ]. (c) A bipartite distribution in Eq. (39) is obtained with inputs in product states
spanning a preferred basis, which undergo a bipartite channel and are then projective-measured in the same preferred basis.

(i) If EAB is in LOSR, then for any input state
ρAR|BS which is local in the bipartition AR|BS,
p(a, b|x, y) is in L.

(ii) If EAB is in LOSE, then for any shared state ρ,
p(a, b|x, y) is in Q.

(iii) If EAB is in QNS, then for any shared state ρ,
p(a, b|x, y) is in NS.

Proof. Proof of (i). For any channel E , we de-
note its adjoint by E†, which satisfies Tr (E [X]Y ) =
Tr

(
E†[Y ]X

)
for any X and Y . It is enough to con-

sider an extremal LOSR operation EAB = EA ⊗ EB ,
since the rest of the proof follows by convex combina-
tions. Define the operators

M̃a|x :=ΛxAR
† ◦ (E†

A ⊗ idR)[Ma
RA1

] , (21a)

Ñ b|y :=ΦxBS
† ◦ (E†

B ⊗ idS)[N b
SB1

] . (21b)

Since the adjoint E† of a CPTP map E is completely
positive and unital, i.e., it satisfies E†(1) = 1 [60], the
operators M̃a|x (Ñ b|y) are positive semidefinite and
their summation over a (b) is the identity for any x
(y). Thus, we can rewrite Eq. (20) as

p(a, b|x, y) = Tr
(
ρABRS · M̃a|x

RA1
⊗ Ñ

b|y
SB1

)
, (22)

which is a standard Bell game. Now it becomes ev-
ident by definition, that if the state ρABRS is local
in the bipartition AR|BS, then a local distribution is
obtained.

Proof of (ii). Consider an LOSE channel, which
factorizes as in Eq. (14). Similarly as in the proof of

item (i), define the measurement operators

M̃a|x :=(ΛxAR
† ⊗ idE)◦ (23a)

(E†
AE ⊗ idR)[Ma

RA1
⊗ 1E1 ] ,

Ñ b|y :=(ΦxBS
† ⊗ idF )◦ (23b)

(E†
BF ⊗ idS)[N b

SB1
⊗ 1F1 ] .

Using Eqs. (23), one verifies that Eq. (20) reads

p(a, b|x, y) = Tr
(
M̃

a|x
ARE ⊗ Ñ

b|y
BSF · ρARBS ⊗ τEF

)
.

(24)

This proves that by applying an LOSE channel one
can only recover quantum correlations.

Proof of (iii). By imposing in Eq. (20) that E
satisfies JE

A0B0B1
= 1A0 ⊗ JB0B1/dA0 , we obtain

∑
a

p(a, b|x, y) =
∑
a

Tr
(
(1B0 ⊗N b

SB1
)·

(JB0B1 ⊗ 1S)(ρyB0S
⊗ 1B1)

)
(25)

where ρyB0S
:= Φy(TrA0R(ρARBS)), which does not

depend on x. Similarly, by imposing JE
A0A1B0

=
JA0A1 ⊗ 1B0/dB0 we obtain that

∑
b p(a, b|x, y) does

not depend on y and therefore p(a, b|x, y) is a
nonsignaling distribution.

Note that Proposition 1 provides a criterion to de-
tect quantum channels outside of the sets LOSR,
LOSE and QNS which is fully device-independent,
in the sense that none of the quantum devices (the
shared state ρ, the input channels Λx and Φy, and
the measurements Ma and N b) is trusted.
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Figure 2: Subsets of distributions obtained from bi-
partite operations. Left. Inclusions of the following sub-
sets of quantum channels (CPTP): quantum nonsignaling
(QNS), local operations assisted by the shared resources of
entanglement (LOSE) and randomness (LOSR). Right. In-
clusions of the subsets of the polytope of bipartite stochastic
matrices (S): nonsignaling (NS), quantum (Q) and local
(L) correlations. Bell functionals γ bounding each subset of
bipartite distributions bound the corresponding subsets of bi-
partite channels, through Prop. 1, Cor. 2 and Prop. 7. Here
we depict the linear cuts delimited by some Bell functional.

3.2 Local measurement protocols without en-
tanglement
Consider the protocol in Fig. 1 (b),

p(a, b|x, y) =Tr
((
Ma
RA1

⊗N b
SB1

)
·

EAB ⊗ idRS(ρxA0R ⊗ σyB0S
)
)
, (26)

which was introduced in [7]. This can be obtained
from Eq. (20) by considering a product state ρARBS =
|00⟩⟨00|AR⊗|00⟩⟨00|BS , so that the channels ΛxAR and
ΦyBS act as state preparation channels producing in-
put states ρxAR and σyBS . LOSR channels produce lo-
cal probability distributions from Eq. (26), as shown
in [7]. In items (ii) and (iii) of the following Corollary
we extend this result to other classes of channels.

Corollary 2. Let p(a, b|x, y) be a probability distribu-
tion obtained from a bipartite quantum channel EAB
through Eq. (26). The following holds, for any choice
of input states and measurements:

(i) If EAB is LOSR, then p(a, b|x, y) is in L.

(ii) If EAB is LOSE, then p(a, b|x, y) is in Q.

(iii) If EAB is QNS, then p(a, b|x, y) is in NS.

Proof. Proof of (i). Notice that probability distri-
butions in Eq. (26) from LOSR channels give local
probability distributions. This was noted earlier in [7,
see Fig. 8].

Proof of (ii). Similarly as in Prop. 1, define

M̃a|x = TrRA0

(
(ρxRA0

⊗ 1E0). (27a)

(E†
AE ⊗ idR)[Ma

RA1
⊗ 1E1 ]

)
,

Ñ b|y = TrSB0

(
(σySB0

⊗ 1F0). (27b)

(E†
BF ⊗ idS)[N b

SB1
⊗ 1F1 ]

)
.

One verifies that p(a, b|x, y) in Eq. (26) reads

p(a, b|x, y) = Tr
(
M̃

a|x
E ⊗ Ñ

b|y
F · τEF

)
. (28)

Item (iii) follows from Proposition 1.

Two remarks are now given. On the one hand,
note that the converse of Corollary 2 is not true. In
particular, channels denoted as local-limited in [7] al-
ways produce local correlations for any choice of input
states and measurements. Examples are LOSE chan-
nels where Alice and Bob share an entangled state
that cannot produce nonlocal correlations [5]. On the
other hand, Eq. (28) implies that a bipartite LOSE
channel produces nonlocal correlations if the shared
state τEF in Eq. (14) is nonlocal in some Bell proto-
col. This in turn dictates that if the shared state in
one realization of an LOSE channel is Bell nonlocal,
the channel cannot be realized by some shared local
state.

3.3 A Buscemi-like characterization of LOSR
operations
The results of Buscemi [14] extend to more general
processes [16]. For a fixed channel E and Bell func-
tional γ, we denote as γmax(E) the maximal value of
γ(p) in Eq. (10) that can be achieved when the condi-
tional probability distribution p is obtained through
Eq. (26) by a fixed set of input states ρx and σy over
all possible measurements Ma and N b. That is,

γmax(E) := max
{Ma,Nb}

∑
xy,ab

γab,xyp(a, b|x, y) . (29)

The setup depicted in Fig. 1 (b) can be seen as
a particular case of so-called semi-quantum games,
which are known to characterize convertibility of gen-
eral processes through free operations in a generalized
theory of nonlocality [16]. In particular, the setup
described in Eq. (26) and Fig. 1 (b) provides semi-
quantum games characterizing local transformations
between LOSR quantum channels. The following is a
particular case of [16, Corollary 1]:

Proposition 3. Given two bipartite quantum oper-
ations EAB and E ′

A′B′ , EAB can be transformed into
E ′
A′B′ by a convex combination of product superchan-

nels if and only if for all Bell functionals γ and for all
sets of input states, γmax(E) ≥ γmax(E ′), where γmax
is given by Eq. (29).

Proof. Starting from the more general results in [16],
the proof of the only if direction can be easily seen
as follows. If E can be converted into E ′ by a prod-
uct of superchannels (or a convex combination of
them), then we can absorb such product of super-
channels in the state preparations and measurements
of semiquantum games, described in Eq. (26) and
depicted in Fig. 1 (b). Then it becomes clear that
γmax(E) ≥ γmax(E ′) for all functionals γ. The proof
for the if direction is based on the observation that
Eq. (26) gives a distribution after local superchan-
nels are performed in the form of ΞA ⊗ ΞB [EAB ],
thus preserving the set of LOSR operations [16]. For
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self-consistency of the paper, an explicit constructive
proof is given in Appendix A.

Similarly as in [14], this means that a quantum
channel E is not LOSR if and only if for some Bell
functional γ and quantum inputs, the value γmax(E)
in Eq. (29) cannot be attained with LOSR operations.
The derivations in Appendix A provide explicit nec-
essary and sufficient conditions to certify non-LOSR
operations. Consider a set of fixed states {ρxRA0

} and
{σySB0

} that are linearly independent and span the
whole input spaces of linear operators acting on HRA0

and HSB0 , and assume HA0 ≈ HR and HB0 ≈ HS .
Let {Ψa

RA1
} and {Ψb

SB1
} be projective measurements

on a generalized Bell basis and denote

pE(ab|xy) := Tr(Ψa
RA1

⊗ Ψb
SB1

· (30)
(EAB ⊗ idRS)[ρxRA0

⊗ σySB0
]).

This setup allows to formulate the problem of whether
or not a channel EAB is LOSR as follows: A quantum
channel EAB is not an LOSR operation if and only if
for any possible LOSR operation E ′

A′B′ and for any
choice of measurements Ma

RA1
and N b

SB1
, the distri-

bution pE(ab|xy) of Eq. (30) cannot be obtained via
Tr(Ma

RA1
⊗N b

SB1
(E ′
AB ⊗ idRS)[ρxRA0

⊗σySB0
]). By ab-

sorbing the adjoint E ′
AB

† in the measurements Ma ⊗
N b, namely defining M̃a⊗Ñ b := E†⊗id(Ma⊗N b), we
derive the following criterion, analogous to Buscemi’s
characterization of entangled states [14].

Corollary 4. A bipartite quantum channel EAB is
not LOSR if and only if for some linear functional γ,

γ(pE) > max
M̃a,Ñb

∑
ab,xy

γab,xyTr(M̃aρx)Tr(Ñ bσy) , (31)

where we denote γ(pE) :=
∑
ab,xy γab,xypE(ab|xy).

This provides a separation between the set of LOSR
operations and the rest, which relies only in the in-
put/outcome probabilities and the trusted set of in-
put states ρx and σy. Therefore, it constitutes a
measurement-device-independent characterization of
the set of LOSR operations. Note that the left hand
side of Eq. (31) is given by the set of input states
and the channel under consideration, and the right
hand side can be upper-bounded with semidefinite
programming [75].

4 The role of dephasing noise
4.1 Gradual dephasing
Quantum channels, and in particular the protocols
described above to certify nonlocality, can suffer from
decoherence. Here we ask how dephasing noise affects
the nonlocal properties of a channel. Let us first con-
sider local dephasing (Fig. 3 (c)), which is given by a
local four partite Gram matrix of the form

G = GA0 ⊗GB0 ⊗GA1 ⊗GB1 . (32)

Observation 5. If a bipartite channel undergoing lo-
cal dephasing noise, DA1 ⊗ DB1 ◦ EAB ◦ DA0 ⊗ DB0 ,
can produce correlations outside of L (Q, NS) from
Eq. (26), then the channel EAB is not LOSR (LOSE,
QNS).

Indeed, note that the Schur product with a Gram
matrix preserves both positive semidefiniteness, the
trace, and identity resolution of any operators. There-
fore, local dephasing is absorbed in the preparation
and measurement of any protocol. This means that
if we detect nonlocality on a channel which suffered
from local dephasing, then we know that its noiseless
version previous to dephasing is also nonlocal.

Let us now consider the case in which the two par-
ties A and B sharing a quantum state ρAB or im-
plementing a quantum channel EAB belong to a joint
subsystem. In this case, dephasing can occur as a joint
operation (Fig. 3 (a & b)), and thus one might expect
that nonlocal phenomena can occur. This leads us to
the following result.

Proposition 6. Dephasing noise acting jointly on a
bipartite system has the following properties:

1. A dephasing channel acting on a separable bipar-
tite state can generate an entangled state.

2. A dephasing superchannel acting on an LOSR op-
eration can generate a nonlocal channel.

At the level of quantum states, an extreme ex-
ample can be constructed as follows: consider the
states |±⟩ = (|0⟩ ± |1⟩)/

√
2. Note that the projector

ρAB = |++⟩⟨++| has homogeneous entries ρij = 1/4,
thus it evolves under dephasing noise DG

AB in Eq. (19)
given by some Gram matrix G as

DG
AB(ρA0B0) = | + +⟩⟨+ + | ⊙G = G/4 . (33)

Therefore, it is enough to show that there exists a
quantum state that is both maximally entangled and
a Gram matrix. Indeed, the Bell state |ψ⟩ = (|0+⟩ +
|1−⟩)/

√
2 has density matrix

|ψ⟩⟨ψ| = 1
4


1 1 1 −1
1 1 1 −1
1 1 1 −1

−1 −1 −1 1

 (34)

which defines a Gram matrixG = 4|ψ⟩⟨ψ| with entries
Gij = ⟨vi| vj⟩ where |v1⟩ = |v2⟩ = |v3⟩ = − |v4⟩ =
(1, 1, 1,−1)T /2. Since |ψ⟩ is maximally entangled, it
maximally violates CHSH inequality,

⟨σZ ⊗ (σ+ + σ−) + σX ⊗ (σ+ − σ−)⟩ψ = 2
√

2 , (35)

where σX and σZ are Pauli matrices and σ± =
(σX±σZ)/

√
2. From a resource-theoretic perspective,

this is possible because the state |++⟩ := |+⟩ ⊗ |+⟩
maximizes the resource of coherence (with respect to
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Figure 3: Models of decoherence occurring by dephasing noise under consideration. (a) Dephasing occurs
both in the inputs and the outputs as a superchannel ΞAB [EAB ]. Its action on the Choi matrix is given by a Gram matrix
GA0A1B0B1 without any tensor product assumption through a bipartite Eq. (17) with a bipartite structure. (b) Nonlocal
dephasing occurs as independent pre- and post-processing by composition with a dephasing channel, ED

AB = DG ◦ E ◦ DG′
. Its

action on the Choi matrix is given by a product of Gram matrix GA0B0 ⊗ GA1B1 through Eq. (18) with a bipartite structure.
(c) Local dephasing occurs at each party independently, according to Eq. (32). (d) Local complete dephasing occurs, where
the input and output states are diagonal density matrices. The last scheme representing complete decoherence corresponds to
Fig. 1 (c), since local projective measurements in a fixed basis occur both before and after the channel is applied.

the computational basis) [52, 76], from which a de-
phasing channel can generate entanglement.

At the level of quantum channels, this example can
be seen as follows: consider the identity channel id,
with the bipartite input state |++⟩. Although the
identity channel is an LOSR operation and thus pro-
duces probability distributions in local measurement
protocols like the one of Eq. (26) (Fig. 1), dephasing
induced by coupling degrees of freedom with the en-
vironment can convert the channel id into a channel
capable of generating nonlocal quantum probability
distributions. This is an example where dephasing
occurs as a superchannel with independent pre- and
post-processing [30, 51] (Fig. 3 (b)).

An example where dephasing is induced by a more
general superchannel (Fig. 3 (a)) is as follows: con-
sider the Choi matrix JUL of the local unitary UL =
1 ⊗σX . Let the dephasing superchannel be described
by a 16 × 16 Gram matrix G = G† ≥ 0 with nonzero
coefficients Gkk = 1, G12,15 = −G2,5 = 1, and
G2,12 = G5,12 = −G2,15 = G5,15 = i (and their Her-
mitian adjoints), where i is the imaginary unit. This
dephasing leads to the Choi matrix JU = JUL ⊙ G
which defines the channel implementing the following
unitary,

U =
1∑
j=0

|j⟩⟨j| ⊗ σX(iσZ)j . (36)

Observe that this unitary can be converted into the
C-NOT gate by local unitaries as follows,

JNOT = (1 ⊗HσX)U(1 ⊗H)† , (37)

and therefore U can produce extremal signaling prob-
ability distributions in the protocol in Fig. 1 (b) when
decoherence depicted in Fig. 3 (a) occurs.

Let us highlight that the examples above constitute
a special case of dephasing channels and superchan-

nels occurring to highly coherent states and channels,
whose coherence only suffer from phase factors. Al-
though these examples are consistent with the math-
ematical model of dephasing operations established
in [51], generic dephasing transforms pure states into
mixed states, and unitary channels into irreversible
channels [19]. Yet, these examples are illustrative for
the following comparison: observation 5 captures the
intuitive fact that decohrence might make a nonlocal
quantum channel undetectable through measurement
protocols, thus giving a false negative result to a test
of nonlocality. On the contrary, Propopsition 6 shows
that decoherence can also give rise to false positive
results if the parties A and B perform a measurement
protocol undergoing nonlocal noise.

To better understand the role of gradual decoher-
ence aside from extremal cases, we consider two para-
metric types of dephasing models. On the one hand,
Dq damps all off-diagonal terms equally, Dq(ρ) =
(1 − q)ρ+ q diag(ρ). On the other hand, D′

p keeps all
entries except for the coherences to the fourth pop-
ulation level, namely D′

p(ρ)ij = (1 − 2p)ρij if either
i = 4 ̸= j or j = 4 ̸= i.

Starting from the maximally coherent separable
state ρ = | + +⟩⟨+ + |, the composition of these two
noises reads

Dq ◦ D′
p(ρ) = 1

4


1 1 − q 1 − q x

1 − q 1 1 − q x
1 − q 1 − q 1 x
x x x 1

 (38)

with x = (1 − q)(1 − 2p). The negativity of this state
for the parameters p and q is shown in Fig. 4.

8



0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

q

p
N (Dq ◦ D′

p(ρ))

0

0.25

0.5

Figure 4: Entanglement generated by dephasing.
The parameters p and q quantify the strength of the dephas-
ing channels Dq and D′

p acting on the maximally coherent
state ρ = | + +⟩⟨+ + | [52, 76], which can be mapped to
less coherent but entangled states. The color bar evaluates
the negativity of the partial transpose of the resulting state,
indicating maximal entanglement when taking the value 0.5.

4.2 Complete decoherence
Here we consider the case of complete decoherence
depicted in Fig. 5, where Choi matrices become diag-
onal. Recall that the set of stochastic matrices and
the set of conditional probability distributions are iso-
morphic. For bipartite channels EAB , the decoherent
action is represented by a bipartite stochastic matrix
with entries

SE
ab,xy = ⟨ab| E(|xy⟩⟨xy|) |ab⟩ , (39)

where (a, b, x, y) ∈ [dA1 ] × [dB1 ] × [dA0 ] × [dB0 ] define
the canonical basis (Fig. 5). Therefore, the decoherent
action (39) defines probabilities p(a, b|x, y) = Sab,xy of
obtaining classical outputs ab conditioned to classical
inputs xy, through the scheme of Fig. 1 (c). In [7,
Propositions 3-5] it was shown that the sets of L, Q
and NS correlations correspond to the sets of correla-
tions that can be obtained respectively from LOSR,
LOSE, and QNS channels as correlations in the inputs
and outputs when all measurement bases are allowed.
Since we are interested in dephasing noise, here we re-
formulate this result for a fixed basis considering the
decoherent action of Eq. (39), as follows.

Proposition 7. The following equivalences hold:

(i) The set of local (L) correlations coincides with
the set of decoherent actions of LOSR channels.

(ii) The set of quantum (Q) correlations coincides
with the set of decoherent actions of LOSE chan-
nels.

(iii) The set of nonsignaling (NS) correlations coin-
cides with the set of decoherent actions of quan-
tum nonsignaling channels QNS.

Proposition 7 can be obtained from [7, Prop. 3,
4 & 5], by absorbing the basis choice into the exis-
tence conditions. A qualitative analysis of the chan-
nel nonlocality that is witnessed by the nonlocality of
such correlations is carried out in a different work [77,
Prop. 1]. For self-consistency, an explicit constructive
proof is given in Appendix B. This provides a simple
criterion to detect certain classes of quantum chan-
nels, from local measurements in the computational
basis: one certifies that a quantum channel EAB is
outside of the set of LOSR (LOSE, QNS) channels if
its decoherent action SE

AB is outside of the set of L (Q,
NS) correlations. This criterion can be implemented
in decoherent setups, as it involves only measurements
in the computational basis.

Let us remark that the converse is not true: there
exist non-LOSR quantum channels with local de-
coherent action. As an example, consider the 2-
qubit channel with unitary (single) Kraus operator
U =

∑1
i,j=0 |ϕij⟩ ⟨i+ j, j|, which maps the computa-

tional basis to the Bell states |ϕij⟩ = σiXσ
j
Z ⊗1(|00⟩+

|11⟩)/
√

2 where σX and σZ are Pauli matrices. Even
though U can generate entanglement, its decoher-
ent action SU = U ⊙ U∗ = 1

2
(
1⊗2 + σ⊗2

X

)
is local.

However, note that this criterion can be enhanced
with any operations that preserve the set of LOSR.
In the example above, the freedom of local measure-
ment basis considered in [7] is enough: the bipartite
unitary U can be transformed by local unitaries to
Ũ = (H ⊗ H)U(1 ⊗ H), where H is the Hadamard
gate with H |0⟩ = |+⟩ and H |1⟩ = |−⟩. We have
SŨ = Ũ ⊙ Ũ∗ = |0⟩⟨0| + |1⟩⟨3| + |2⟩⟨2| + |3⟩⟨1| which
defines extremal nonsignaling correlations.

Note that the nonsignaling conditions establish
equality constraints, and thus define a measure zero
subset of channels. Moreover, the sets of local and
nonsignaling correlations form a polytope. Therefore,
detecting channels with nonlocal decoherent action
can be done with a linear program, asking whether
there exists a convex combination of extremal lo-
cal stochastic matrices decomposing the decoherent
action. For local correlations, finitely-many Bell
games [13, 78, 79] equivalently define the faces of
their polytope. Bounding the set of quantum cor-
relations is a more involved problem and relies on
a convergent hierarchy [80]. This problem has been
tackled through analytical solutions for the small-
est setting [34, 81, 82], conjectured generalizations
[62, 83] and additional results using semidefinite pro-
gramming techniques [84, 85]. Outer approximations
are given by the maximum quantum value of Bell
games [86].

By Proposition 7, Bell functionals on the decoher-
ent action of a quantum channel can be used to con-
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Figure 5: Complete decoherence of states, channels and superchannels. Blue convex sets in the left represent sets
of quantum states consisting of 4, 2 and 1 subsystems of size d related by partial trace (directed dashed arrow). Bidirectional
solid arrows denote the Choi-Jamiołkowski isomorphism (C-J): a cross section of the set Md2 defines through Eq. (2) the set
Ed of quantum channels (blue section of the green convex set). An extension of the Choi-Jamiołkowski isomorphism (eC-J)
links the set of two-qudit channels Ed2 with one-qudit superchannels Θd through Eq. (4c). Under decoherence (red thick
arrows) these objects become classical polytopes depicted in red and contained inside larger orange polytopes: a quantum
state ρ ∈ Md is mapped to a vector p = diag(ρ) ∈ ∆d, a quantum channel E ∈ Ed is mapped into a stochastic matrix S ∈ Sd,
while a quantum superchannel from Θd is transformed into an element of the set Td of classical supermaps. The sets Md2 of
bipartite quantum states and Sd2 of bipartite stochastic matrices are both obtained from the set Md4 of four-partite states
and inherit some of its properties.

struct linear nonlocality witnesses, similar to entan-
glement witnesses [36]. This mechanism is illustrated
in Fig. 2. Let L be one of the three subsets of bipartite
quantum channels: LOSR, LOSE, and QNS. Let S be
the corresponding set of bipartite probability distri-
butions under the correspondence in Proposition 7,
namely, L, Q, and NS. Consider

WL = γS/(dA0dB0)1 − Ω , (40)

where Ω is defined from the Bell functional through

Ω =
1∑

x,y,a,b=0
γab,xy|xayb⟩⟨xayb|A0A1B0B1 (41)

and γS denotes its maximum value on the subset S.
Thus, a channel EAB with Choi matrix JE and deco-
herent action SE is outside L if

Tr(JEWL) = γS −
∑

γab,xyS
E
ab,xy < 0 . (42)

For the CHSH functional, γab,xy = (−1)a+b(−1)xy, it
holds that γL = 2, γQ = 2

√
2 and γNS = 4 [13, 34].

By the isomorphism of Proposition 7, any bipar-
tite stochastic matrix in a distinguished subset of
correlations can be obtained from decoherence of a
quantum channel in a corresponding subset. An ex-
plicit example is the convex hull of bipartite stochastic
matrices (namely, bipartite probability distributions)
pR+ (1 − p)S with

R = 1
2


1 1 1 0
0 0 0 1
0 0 0 1
1 1 1 0

 , S = 1
2


0 0 0 1
1 1 1 0
1 1 1 0
0 0 0 1

 (43)

which attains the maximal quantum value γQ = 2
√

2
of CHSH for p = (1 + 1/

√
2)/2. In Fig. 6 we show a

two-dimensional slice of the polytope of distributions
consisting of the convex hull of R, S and 1 containing
different subsets. The sets of local (L) and nonsignal-
ing (NS) distributions are bounded by linear program-
ming, while the set of quantum (Q) distributions is
approximated by the first two levels of the Navascués-
Pironio-Acín (NPA) hierarchy [80]. The subsets L, Q
and NS of distributions are obtained by decoherence
of the subsets LOSR, LOSE and QNS of channels.
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Figure 6: Partial cross section of the space of bipar-
tite distributions spanned by 14, R and S in Eq. (43),
P (s, t) = sR + tS + (1 − s − t)14 where s + t ≤ 1. The
distribution 14 is local, while R and S are Popescu-Rohrlich
(PR) correlations [87], which are extremal nonsignaling. The
orange region corresponds with distributions that are local,
while dark and light purple regions denote first (NPA1) and
second (NPA2) level of Navascués-Pironio-Acín (NPA) ap-
proximation [80] to the set Q of quantum distributions (not
plotted). Green region depicts the remaining nonsignaling
distributions. Each of these subsets of distributions can be
obtained by LOSR, LOSE and QNS channels under complete
decoherence.

5 Conclusions and open questions
We infer nonlocal properties of bipartite quantum
channels based on the bipartite stochastic matrices
produced by them under measurement protocols. In
particular, our approach allows us to bound the sets
of local operations assisted by shared randomness
(LOSR), local operations assisted by shared entan-
glement (LOSE) and quantum nonsignaling channels
(QNS), from the conditional probabilities of local
measurement outcomes. This framework is suitable
to experimental verification of nonlocality of bipartite
channels from local measurements, even in the pres-
ence of complete decoherence. In contrast, we show
that both entanglement and nonlocality of bipartite
quantum channels can be enhanced under nonlocal
gradual decoherence.

This work relates the geometry of the set of
bipartite quantum states, channels, superchannels,
and their classical counterparts: probability vectors,
stochastic matrices and classical superchannels. In
particular, several measures for nonlocality in the
space of correlations have been proposed in the lit-
erature [66, 88–90]. Through our framework, these
naturally give insight into the geometry of quantum
operations [69]. At the same time, our work leaves
several research lines open:

1. It is unknown whether local-limited and
quantum-limited channels as defined in [7] can
be detected by making use of a shared entangled
state through Proposition 1.

z

C

Q
δ

Figure 7: First glimpse at the structure of multidi-
mensional convex sets of quantum (Q) and classi-
cal (C): states, operations and correlations. The transition
from quantum to classical is induced by decoherence. The
same figure can also represent sets of quantum algorithms or
quantum technologies. The distance δ between the extremal
points of both sets along the vertical axis z, denoting a se-
lected utility function, represents the quantum advantage.

2. Corollary 4 provides a first step to understanding
the set of functionals witnessing non-LOSR oper-
ations, analogous to entanglement witnesses for
nonseparable states. However, further research is
needed to better understand the performance of
such witnesses in practice.

The analysis presented for the case of complete de-
coherence highlights the role of Choi–Jamiołkowski
isomorphism to analyse geometric features of quan-
tum correlations and channel nonlocality. The stan-
dard form of the isomorphism relates bipartite states
with quantum operations, while its generalized ver-
sion links four-partite quantum states with bipartite
quantum channels. Due to decoherence the latter suf-
fer a transition to bipartite stochastic matrices Sd2 ,
which describe correlations between both systems.
Therefore, the overall geometric structure of the sets
of classical and quantum states, channels and corre-
lations is rooted in the geometric structure of the set
Md4 four-partite states (Fig. 5).

Any generalized quantum theory can be recovered
from basic principles that force the corresponding set
of states to be convex [91]. Hence, if one looks into the
set of density matrices from a large perspective, one
realizes that it forms a convex set [92]. A closer look
reveals its convex subset of separable states, defined
as classical mixtures of product states – see Fig. 7. A
related structure is characteristic also to the space of
quantum maps and quantum correlations. A similar
schematic picture can also be used to describe the sets
of quantum algorithms and quantum technologies and
to visualize the notion of a quantum advantage: the
difference between the utility function describing, for
instance, efficiency of a given protocol, optimized over
all quantum and classical scenarios.
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A Proof of Proposition 3
Here we will prove the if part of Proposition 3. Namely, we will show that if E is more nonlocal than E ′ for all the
games specified in Fig. 1 (b), then it can be transformed to E ′ through some superchannels Ξ =

∑
νiΞAi ⊗ ΞBi .

Proof. We will follow a similar reasoning to the analogous result of Buscemi for bipartite quantum states [14].
To this end, consider the extended Hilbert spaces

HE0 = HA0 ⊗ HR0 = HA′
0

⊗ HR′
0

and (44)
HF0 = HB0 ⊗ HS0 = HB′

0
⊗ HS′

0
. (45)

Note that the input and output dimensions of the channels EAB and E ′
A′B′ in consideration can in general be

different. Therefore, the subsystems E0, R0 and R′
0 (F0, S0, and S′

0) shall be chosen accordingly such that
the dimensions match. In particular, we set the dimension dE0 (dF0) to be a common multiple of the input
dimensions dA0 and dA′

0
(dB0 and dB′

0
). Namely, there exist natural numbers n, n′, m and m′ so that

dE0 = ndA0 = n′dA′
0

and (46)
dF0 = mdB0 = m′dB′

0
. (47)

Thus, the input states ρx ∈ MdE0
and σy ∈ MdF0

are regarded in different bipartitions when they are used as
input states for the different channels E and E ′. For example, suppose we consider a channel EAB with dA0 = 4
and a channel E ′

A′B′ with dA′
0

= 6. Then we can consider an input state ρx ∈ M12, which can be seen either as
a bipartite state ρxA0R0

with dA0 = 4 and dR0 = 3, or as a bipartite state ρxA′
0R

′
0

with dA′
0

= 6 and dR′
0

= 2.
In a similar manner, consider the convex combinations of local measurements in the output systems E1 and

F1, Za,bE1F1
=

∑
i piM

a,i
E1 ⊗N b,i

F1 . Following the same arguments in the proof of Proposition 1 of [14], notice
that the probability distributions available for a particular game with different measurements form a convex
set. Therefore, γ(E) ≥ γ(E ′) for all γ is equivalent to assuming for any measurement Z of the above form there
exists a measurement Z in the convex hull of local measurements ME1 ⊗NF1 such that

p(ab|xy) = Tr
[
Z
a,b

E1F1
· idRS ⊗ EAB(ρxE0

⊗ σyF0
)
]

= Tr
[
Za,bE1F1

· idR′S′ ⊗ E ′
A′B′(ρxE0

⊗ σyF0
)
]
. (48)

Define now the input states as

ρxE0
:= TrEc

0
[Θx

Ec
0

⊗ 1E0 · ϕ+
Ec

0E0
] and (49a)

σyF0
:= TrF c

0
[Υy

F c
0

⊗ 1F0 · ϕ+
F c

0F0
] , (49b)

with extended Hilbert spaces HEc
0

≈ HE0 and HF c
0

≈ HF0 , where {Θx}x and {Υy}y are informationally
complete, positive operator-valued measurements (IC-POVMs) and ϕ+

Ec
0E0

is the density matrix of the Bell
state |ϕ+⟩Ec

0E0
= 1/

√
dE0

∑dE0 −1
i=0 |i⟩Ec

0
|i⟩E0

(and similarly for ϕ+
F c

0F0
). For convenience we will denote EEF :=

idRS ⊗ EAB and E ′
EF := idR′S′ ⊗ E ′

A′B′ . Thus, we can write Eq. (48) as

p(ab|xy) = Tr
[
Θx
Ec

0
⊗ ZE1F1 ⊗ Υy

F c
0

· EEF ⊗ idEc
0F

c
0
(ϕ+
E0Ec

0
⊗ ϕ+

F0F c
0
)
]

= Tr
[
Θx
Ec

0
⊗ ZE1F1 ⊗ Υy

F c
0

· E ′
EF ⊗ idEc

0F
c
0
(ϕ+
E0Ec

0
⊗ ϕ+

F0F c
0
)
]
. (50)

Now divide the full trace above as TrEc
0F

c
0
[TrE1F1(· · · )]. By assumption, {Θx}x and {Υy}y are IC-POVMs and

therefore form a basis for the linear operators acting on the Hilbert spaces HEc
0

and HF c
0
. As a result, for the

partial trace over E1 and F1, we have the following

TrE1F1

[
1Ec

0
⊗ Z

ab

E1F1
⊗ 1F c

0
· EEF ⊗ idEc

0F
c
0
(ϕ+
E0Ec

0
⊗ ϕ+

F0F c
0
)
]

=

TrE1F1

[
1Ec

0
⊗ ZabE1F1

⊗ 1F c
0

· E ′
EF ⊗ idEc

0F
c
0
(ϕ+
E0Ec

0
⊗ ϕ+

F0F c
0
)
]
. (51)
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Let us now recover the notation E1 = A1R1 = A′
1R

′
1 and F1 = B1S1 = B′

1S
′
1 while noticing that R1 = R0,

R′
1 = R′

0 and the same for S. Thus, we can write

TrA1R0
B1S0

[
1Ac

0R
c
0

⊗ Z
ab
A1R0
B1S0

⊗ 1Bc
0S

c
0

· EAB ⊗ idRS ⊗ idAc
0R

c
0

Bc
0S

c
0

(
ϕ+
A0Ac

0
⊗ ϕ+

B0Bc
0

⊗ ϕ+
R0Rc

0
⊗ ϕ+

S0Sc
0

)
︸ ︷︷ ︸

JA1B1Ac
0Bc

0
⊗ϕ+

R0Rc
0

⊗ϕ+
S0Sc

0

]
= (52)

TrA′
1R

′
0

B′
1S

′
0

[
1A′c

0R
′c
0

⊗ Zab
A′

1R
′
0

B′
1S

′
0

⊗ 1B′c
0S

′c
0

· E ′
A′B′ ⊗ idR′S′ ⊗ idA′c

0R
′c
0

B′c
0S

′c
0

(
ϕ+
A′

0A
′c
0

⊗ ϕ+
B′

0B
′c
0

⊗ ϕ+
R′

0R
′c
0

⊗ ϕ+
S′

0S
′c
0

)
︸ ︷︷ ︸

J′
A′

1B′
1A′c

0B′c
0

⊗ϕ+
R′

0R′c
0

⊗ϕ+
S′

0S′c
0

]
.

On each side of the equality, we identify the Choi states J and J ′ tensored by two pairs of Bell states ϕ+. This
allows for a physical interpretation in terms of teleportation similar to [14], with the difference that now two
parts out of the four-partite Choi state J ′ are teleported. That is, here Alice holds the systems A′

1, B′
1, R′

0 and
S′

0 and Bob holds the systems A′c
0, B′c

0, R′c
0 and S′c

0. Using two shared Bell states, ϕ+
R′

0R
′c
0

and ϕ+
S′

0S
′c
0
, Alice

teleports her parts A′
1 and B′

1 of the shared Choi state J ′ to Bob’s parts R′c
0 and S′c

0.
By assumption, for any Zab there exists a Zab such that the equality Eq. (52) holds. In particular, it holds

when Alice applies a Bell measurement {ZabA′
1B

′
1R

′
0S

′
0
} = {ϕabA′

1R
′
0

⊗ ϕabB′
1S

′
0
} to send her side to Bob, where ϕab is

the density matrix of each generalized Bell state
∣∣ϕab〉 =

∑d−1
k=0 e

bk 2πi
d |k, k + a⟩ /

√
d [53]. In this case, Bob can

apply unitaries {UaR′c
0

⊗ V bS′c
0

⊗ 1A′c
0B

′c
0
} to recover J ′ in his side. Strictly speaking,

J ′
A′c

0B
′c
0A

′
1B

′
1

=
∑
a,b

(UaR′c
0

⊗ V bS′c
0

⊗ 1A′c
0B

′c
0
) (53)

TrA1R0
B1S0

[
1Ac

0R
c
0

⊗ Z
ab
A1R0
B1S0

⊗ 1Bc
0S

c
0

· JA1B1Ac
0B

c
0

⊗ ϕ+
R0Rc

0
⊗ ϕ+

S0Sc
0

]
(UaR′c

0
⊗ V bS′c

0
⊗ 1A′c

0B
′c
0
)†,

where we inserted the left-hand side of Eq. (52) as the (unnormalized) state Bob obtains for each outcome a and
b of Alice. Finally, expanding Zab =

∑
i νiM

a,i

A1R0
⊗ N

b,i

B1S0
with vi ≥ 0 and

∑
i νi = 1, one gets the following

maps

Λi(τA1Ac
0
) :=

∑
a

(UaR′c
0

⊗ 1A′c
0
) · TrA1R0

[
1Ac

0R
c
0

⊗M
a,i

A1R0
· ϕ+

R0Rc
0

⊗ τA1Ac
0

]
· (UaR′c

0
⊗ 1A′c

0
)† and (54)

Φi(θB1Bc
0
) :=

∑
b

(V bS′c
0

⊗ 1B′c
0
) · TrB1S0

[
1Bc

0S
c
0

⊗N
b,i

B1S0
· ϕ+

S0Sc
0

⊗ θB1Bc
0

]
· (V bS′c

0
⊗ 1B′c

0
)† . (55)

One can verify that TrR′c
0
[Λi(τA1Ac

0
)] = 1A′c

0
if TrA1(τA1Ac

0
) = 1, thus each Λi is a quantum superchannel.

Similarly, each Φi is a superchannel. It is now clear that the Choi matrix J ′ can be obtained through local
operations assisted by shared randomness from J ,

J ′
A′c

0B
′c
0A

′
1B

′
1

=
∑
i

νiΛi ⊗ Φi(JA1B1Ac
0B

c
0
), (56)

which means that the channel E ′ can be obtained from the channel E by a convex combination of products of
superchannels.

B Proof of Proposition 7
First we show the second item (ii). Let p(a, b|x, y) = Tr(σP a|x ⊗ Qb|y) determine a quantum probability
distribution, where σ is a quantum state on RS, {P a|x}a projective measurements over R and {Qb|y}b over S.
Going to a Stinespring’s dilation [93, Theorem 6.9], there exist unitary maps Ux : AR → AR and Vy : BS → BS
such that

P a|x = ⟨a|Ux |0⟩ & Qb|y = ⟨b|Vy |0⟩ . (57)

Take U : CAR → CAR and V : DBS → DBS unitaries on some control systems C and D,

U =
∑
x

|x⟩ ⟨x| ⊗ Ux & V =
∑
y

|y⟩ ⟨y| ⊗ Vy . (58)

13



These define a LOSE channel E : CD → AB via

E(ρ) = TrCDRS [U ⊗ V (ρ⊗ |00⟩⟨00| ⊗ σ)U† ⊗ V †] (59)

whose decoherent action gives back p(a, b|x, y). Indeed,

⟨ab|U ⊗ V (|xy⟩⟨xy| ⊗ |00⟩) = |xy⟩ ⊗ P a|x ⊗Qb|y , (60)

thus Tr[|ab⟩⟨ab|E(|xy⟩⟨xy|)] reads

Tr[|xy⟩⟨xy| ⊗ P a|x ⊗Qb|yσ] = p(a, b|x, y) . (61)

Conversely, assume p(a, b|x, y) can be obtained as the decoherent action of a LOSE channel, Tr[(|ab⟩⟨ab| ⊗
1)U ⊗ V (|xy⟩⟨xy| ⊗ σ)U† ⊗ V †], where U : AR → AR and V : BS → BS are unitaries and σ a state on RS.
With the isometries

Ux = U |x⟩ & Vy = V |y⟩ (62)

we can define quantum effects

Ea|x = U†
x|a⟩⟨a|Ux & F b|y = V †

y |b⟩⟨b|Vy , (63)

that reproduce the probabilities p(a, b|x, y). Indeed,

Tr[U†
x ⊗ V †

y |xy⟩⟨xy|Ux ⊗ Vyσ] = Tr[Ea|x ⊗ F b|yσ] . (64)

Item (i) follows from the above derivations by considering σ to be a separable state. Item (iii) can be seen
by realizing that the QNS conditions on a diagonal Choi matrix are equivalent to the NS conditions on the
probability distribution given by the decoherent action of the channel.
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