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Abstract

Advancing quantum technologies necessitates an in-depth exploration of how operations generate
quantum resources and respond to noise. Crucial are gates generating quantum coherence and the
challenge of mitigating gate dephasing noise. Precisely, we study the dephasing noise that reduces the
coherence-generating power of quantum gates, its simulation, and critical factors. Our primary
contribution lies in a theorem characterizing the full set of dephasing noises in gates, adaptable to
simulation by any predefined operation set. In particular, we apply our result to quantify the memory
adaptability required for a dephasing noise to arise. Furthermore, we analytically calculate the
quantifier for gates acting on qubit systems, thereby fully characterizing this scenario. Next, we show
how our results reveal the structure of non-trivial dephasing noise affecting qubit gates and apply
them to experimental data, conclusively demonstrating the existence of a gate’s dephasing noise,
which is irreducible to dephasing of either input or output states. Finally, we show how our study
contributes to addressing an open question in the resource theory of coherence generation.

1. Introduction

A fundamental objective of quantum information is to study the quantum properties of physical systems and
demonstrate their advantages for the development of new technologies [1, 2]. The investigation and characterization of
the practical benefits of multiple quantum properties are currently carried out within the theoretical framework of
resource theories [3—9]. This class of theories allows one to organize quantum devices as resources according to their
usefulness in exploiting a specific quantum property for practical purposes. Furthermore, resource theories provide
methods for systematically studying the possible interconversions of such devices under procedures that do not increase
the resource, denoted as free operations [3]. Channel resource theories are particularly relevant for quantum
computing, as the branch that studies devices that transform quantum systems, such as quantum gates [10-13]. In
channel resource theories, the allowed free operations are superchannels whose implementation requires a quantum
memory, pre- and post-processing channels [ 14]. Crucial is the theory of channels with the capacity to generate
coherence due to the relevance, extensive research, and applications of the states’ coherence [5, 15-18]. Moreover,
recent advances show how coherence generation plays a fundamental role in the advantage provided by the famous
Shor’s algorithm [19].

However, quantum effects are inherently noise-sensitive, rendering any quantum advantage vulnerable to
uncontrolled interactions with the environment [20]. Thus, managing noise and decoherence effects is the main
challenge in developing devices generating quantum resources. While experimental techniques play a crucial role,
theoretical investigations also contribute significantly to progress in the field. One promising approach involves
studying the mathematical structure of noise models to gain deeper insights into their properties and their impact on
quantum resources [21-23].

In the context of devices generating a concrete resource, the essential noise to analyze would be those solely
degrading the resource’s generation. Consequently, in the case of coherence-generating devices, we focus on dephasing
noise over gates, which affects the gates’ action on coherences but does not affect the action on occupations. Although

© 2025 The Author(s). Published by IOP Publishing Ltd


https://doi.org/10.1088/1402-4896/adda94
https://orcid.org/0000-0003-1737-1433
https://orcid.org/0000-0003-1737-1433
https://orcid.org/0000-0001-9991-6112
https://orcid.org/0000-0001-9991-6112
mailto:rb.salazar.vargas@gmail.com
https://crossmark.crossref.org/dialog/?doi=10.1088/1402-4896/adda94&domain=pdf&date_stamp=2025-07-31
https://crossmark.crossref.org/dialog/?doi=10.1088/1402-4896/adda94&domain=pdf&date_stamp=2025-07-31
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

10P Publishing

Phys. Scr. 100 (2025) 085110 R Salazar and F Shahbeigi

dephasing noise models for states, known as dephasing channels, have been extensively researched and applied [24, 25],
their extension to gates is a recent development [22, 26]. This novel mathematical model, termed dephasing
superchannels, was thoroughly elaborated upon in reference [22], offering a comprehensive understanding of its
mathematical actions and physical implementation. Importantly, dephasing superchannels exhibit a distinct
phenomenological novelty compared to dephasing channels [22], requiring further investigation.

In this work, our principal achievement lies in a formula that directly computes a pertinent Gram matrix
from the simulation’s operations and memory. The above Gram matrix identifies the simulated dephasing
superchannel, and hence our formula simplifies the task of ascertaining whether a given set of operations and
memory can simulate a specific noise. Moreover, the contrast with the simulations allows us to unequivocally
identify the need for specific physical factors in the appearance of noise. This crucial observation suggests a
compelling method to explore the phenomenology of dephasing superchannels, as illustrated in this work.

Our exploration of the formula’s application initiates by investigating the memory activity required for
simulating dephasing superchannels. Researchers have long recognized that the complexity of noise in gates
arises from potential correlations between input and output systems, simulated through memory [27].
However, one can model these correlations either using a memory with storage independent of the channel’s
input or employing a memory that dynamically adapts to such input state [28, 29]. We denote the former as
passive memory and the latter, as active memory.

Employing our main theorem, we characterized the set of dephasing superchannels simulable by a passive memory
and operations selected from arbitrary sets. Moreover, we introduced a quantifier of memory activity based on the
minimum distance between the Gram matrix identifying the target dephasing noise and those from the above set.

Contrary to expectations in [22], we uncovered the necessity of active memories, even when gates act on
qubit systems. Concretely, we comprehensively determined dephasing noises due to passive memories for
qubits and derived an analytical formula for the quantifier of memory activity. Furthermore, we applied our
quantifier to analyze recent experimental data from nuclear magnetic resonance implementations, revealing an
unprecedented phenomenology in dephasing quantum gate noise.

Additionally, we exploit our results to address a stronger version of along-standing conjecture in resource-
generating theories, opening up new possibilities for resolving the main conjecture. Specifically, the conjecture
[11-13] postulates that any free operation within the resource theory of coherence generation is implementable
through memory and pre- and post-processing maximally incoherent operations (MIO) [30]. However, when
we strengthen the conjecture and exclusively consider using passive memories in the implementation, our
findings reveal dephasing superchannels that serve as compelling counterexamples. In addition, we outline a
promising research direction that may address the most general case, a prospect we leave for future research.

The organization of this article is as follows: In section 2, we present the concepts of quantum mechanics
which are relevant to our work. Section 3 describes the formalism of channel resource theories. In section 4, we
introduce the class of dephasing superchannels. Section 5 provides our main results, with an extensive
presentation of the two applications. Finally, section 6 discusses the significance of our contribution and outlines
further research, presenting open questions.

2. Preliminary concepts

Our research is carried out using the standard Hilbert space formalism for quantum systems, in which a preparation
is represented by a positive semidefinite operator p of trace one, which belongs to the space of bounded operators
B(H) of the Hilbert space H and the allowed physical transformations are represented by completely positive and
trace preserving (CPTP) maps [14, 31]. In this article, we are mostly concerned with finite degrees of freedom in
which case the dimension of H is a natural number d and operator p reduces to a complex density matrix of d x d.
The CPTP maps £ are called quantum channels and can be modeled in various ways, such as the Stinespring dilation
representation [14]:

&(p) = Tre{U(p @ [0)s (0D U}, @

where & is realized by a unitary dynamics U of an extended system followed by discarding the ancillary system E.
Another relevant representation for us is provided by the Choi-Jamiotkowski isomorphism [32, 33] which leads
to the Jamiotkowski state [33]:

1
J(€) = ER@ T(V) (YD), V) = —=) lii), @
ik
inwhich 7 is the identity channel and | ) the maximally entangled state. Notably, the complete positivity of £ is

equivalentto J(€) > 0 while the trace-preserving condition gets mapped to T {J (£)} = %I , with I'the identity
matrix.
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Moreover, for a given channel £(A — B), with Kraus operator {K,,} representation £(p) = > K, pK, there
exists the superoperator ¢ whichisa di x di dimensional matrix defined by

8 = (IEAR) (ID1), ©)

with a natural decomposition into Kraus operators [34]: ®¢ = 3" K, ® K,*. The superoperator ®¢ isa
powerful technical tool, as it allows us to manipulate density matrices and channels in a similar way as we do with
vectors and matrices respectively. Additionally, ®¢ is simply related to the Jamiotkowski state of the map by a
special reordering of its entries called reshuffling [34],

O =d x (J(E) =d x JE)x. 4)
i it

Other important notions for our investigation are the set of incoherent states ¢ = Y4~ ! pili) (il, with {p;} a
probability distribution over the preferred basis {|1) }¢-, and the set of operations that leaves this set invariant
known as maximally incoherent operations (MIO) [30]. Precisely, the latter operations are the most general class
of resource non-generating operations in the resource theory of coherence [5].

A relevant subset of MIO is the so-called dephasing channels [35], which leave invariant the diagonal terms of
any quantum state p. A dephasing channel D¢ is uniquely determined by a Gram matrix C, i.e., a positive matrix
with all diagonal entries equal to one. Then, the action of D¢ on a quantum state p is given by:

Dc(p) = p © C, (5)

with ® a Schur product, which outputs a matrix with each element the entry-wise multiplication of the two
input matrices [35, 36]. When C = I, the identity matrix, the corresponding dephasing channel D; maps any
state to a density matrix with the same diagonal, but zero coherence. The channel D; denotes maximally
dephasing channel and has the following commutation relation with any MIO operation ¢ [3]:

QSOD[:DIOQSODI. (6)
Moreover, we can use Dj to write the specific action of a channel £ over the diagonal terms of a state p as:
Dio oDy, 7

which we call the classical action of the channel £. A classical action is equivalent to a stochastic transition matrix
T¢ acting on the diagonal terms of the density matrix of a state.

3. Resource theories of Channels

Currently, the most fundamental quantum objects investigated in resource theories consist of states p,
measurements M, and quantum channels £ [3]. Of the three classes of objects mentioned, the most complex are
quantum channels, and consequently, their general resource theoretical study has only recently started [11-13].
A channel resource theory consists of the triple {F, O, 2}, where § is a free set of CPTP maps, O a set of free
superchannels that map CPTP maps into CPTP maps and {2 a measure of resourcefulness, which maps CPTP
maps into non-negative numbers. As usual in the resource theoretical framework, the superchannels O should
map elements of the free set § into itself, the measure 2 must be zero for any free channel 7 € § and it should
notincrease under any free superchannel = € 9, i.e. for all CPTP maps &, we have:

QELED < Q). ®)
Additionally, it is usual that free operations O include left or right composition o and tensoring ® under free
maps 7 € § with the identity map [13].

A reason for the complexity and wide phenomenology associated with channel resource theories lies in the
structure of their free operations ©. In the most general sense, any physically realizable superchannel = is
composed of three elements: memory systems D", D’,and D, an encoding map A,,(A’ ® D' — A ® D),anda
decoding map Ny (B ® D — B’ ® D") followed by tracing out the memory, which are applied on a channel
E(A — B) in the following way:

E[ENpy) = Trp o Ngeo (€ @ Ip) o New(py @ Tp1), ©)
giving the channel Z[£](A’ — B’). Diagrammatically,

— -

[(C/‘] . = Nen Nde . (10)

|
[1]

discard
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Due to the generality, non-uniqueness, and complexity of representation (9), it became a widely accepted
approach to construct channel resource theories based on an underlying state resource theory [11-13, 37, 38].
Letus define { E,, O,, M}, respectively, as the triad of free states, free operations, and monotonic measure of the
state resource theory. The method mentioned above focuses on the potential of a channel £ to generate or
increase state resources and build up the free superchannels = using elements from the associated state resource
theory. The previous approach restricts the initial state of the ancillary system D in (9) to be a free state 7y € E,
and both encoding and decoding maps to be free operations, i.e, N, N, € O;.Itis straightforward to check
that superchannels satisfying the preceding conditions preserve free channels, and due to their constructive
nature, were denoted as freely realizable operations in [39].

4. Dephasing superchannels

In reference [22] it was introduced a class of superchannels denoted as dephasing superchannels which models
dephasing noise on gates. The formal definition of a dephasing superchannel is as follows:

Definition 1. (Dephasing superchannel) A quantum superchannel = is called a dephasing superchannel if the
transition probabilities in the distinguished basis are invariant under =:

V& i)y 1) GIELENA ) (DIE) = GIEA ) (D) (11)
Essentially, a dephasing superchannel leaves invariant the classical action of any channel &:
D[OE(g)OD[:D[OgODI. (12)

Analogously to dephasing channels, a dephasing superchannel is uniquely determined by a Gram matrix.
From [22] we know that the Gram matrix C identifying a dephasing superchannel =¢ has a further structure:

Coo Cot ... Coa—1
c=| @ Cw - Gaaf (13)
Ci—10 Cy—11 ... Copo
where Cjjare d x d matrices and Cy is a Gram matrix itself.
Additionally, a dephasing superchannel =¢ has a physical realization as unitary pre- and post-processing
with an ancillary system of dimension d as follows:
Zcl€l(p) = Trp{Vo [€ ® Ip] o U(py @ [0)p (0])}, (14)
orasacircuit diagram:
el = = (15)
where,
d—1
UH) =U@OU, U= >li(il ® Uy, (16)
i=0
. d—1
VO =VEVL v=>Y il eV, (17)
i=0
with {U;}, {V;}being unitaries of size d°. The unitaries define component-wise the Gram matrix C:
Cij = (0] U VIViUyl0). (18)
From (18) follows that C is the Gram matrix of the pure states 1)) = V; U;|0) generated by matrices V;, U;.
Moreover, the Gram matrix C provides an elegant relation between the Jamiotkowski states ] (£) and
J(EclED [22]):
JEclED =T ©C, (19)

with ® a Schur product. Crucially, in reference [22] it was shown that for any resource monotone of coherence
% ina preferred basis {|k) } the corresponding coherence generating power %, of a channel £ [40]:

(&) = max {E(E(k) (kI (20)
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is non-increasing under any dephasing superchannel =c:

e(Zcl€]) < 64(O). e2y)

Furthermore, all =¢ by definition commute with the maximally dephasing superchannel —which has a Gram
matrix C =, the identity matrix—and in consequence from theorem 1 of reference [37] follows that Z @ =¢
does not increase the coherence generation, i.e. = is completely resource non increasing [37]. Because %, is the
natural monotone {2 for the resource theory of coherence generation [12], property (21) makes the
superchannels =¢ potential free operations of a resource theory of coherence generation.

5. Results

5.1. Simulation of a dephasing superchannel from general pre- and post-processing
This section presents our principal achievement encompassing two pivotal theorems. Together, these theorems
determine the complete set of simulations (9) for dephasing superchannels, spanning all possible scenarios. The
first theorem unveils a direct formula for the Gram matrix C, derived from the superoperators associated with
the pre- and post-processing operations and the initial memory state. Subsequently, the second theorem serves
as an indispensable complement, presenting the necessary and sufficient conditions under which the operations
employed in (9) can simulate a dephasing superchannel. Importantly, given the unique identification of the
dephasing superchannel by matrix C, theorems 1 and 2 offer versatile technical tools adaptable to address any
inquiry regarding dephasing noise in gate simulations.

We start with our main result, consisting of the greatest possible generalization of the simulation introduced
in [22], and presented in equation (18), where the encoding and the decoding maps are assumed to be
controlled-unitary gates.

Theorem 1. Let 3" and % denote the superoperator representations, introduced in equation (3), of N, and Ny,.
For a dephasing superchannel = ¢ corresponding to the Gram matrix C, one has
C’Jklézp 6]q 6km 5ln = Zq)dxeﬂm (I)eriwlq Ta,B> (22)

Oyn  PYQN manf
o,
or in terms of the encoding and decoding maps, we have equivalently

C;,kl&ipéjqékméln = D {iITealNap) (gl@ly) (D11 % (kU Neu(lm) (nl@7) 1), (23)

71

where T is the initial state of the memory and we used the Latin letters for the system degrees of freedom and the Greek
letters for the memory ones.

We prove Theorem 1 in Appendix A. Additionally, we emphasize for future reference that if the initial state is
classical, i.e., 7 = Y_p |) (|, the equation on the Gram matrix is reduced to:
C}kl = Z o, @?@e ep, (24)

9;{ ] iyn  kala

The general and compact nature of formulae (22), (24) allows us to directly apply our knowledge of the
operations to determine the simulable dephasing superchannels. Moreover, given the freedom of the set of
operations N, and N, we can opt for one or more constraints to define the simulable noise (expressed
through Gram matrices C). Consequently, any noise beyond this specified set signifies a breach of the
predetermined constraints. Harnessing this straightforward observation, we can utilize equations (22) and (24)
to identify essential physical factors within a noise. Furthermore, we will exemplify how to determine which
noises pose greater challenges in approximation due to the physical factor encapsulated by the constraints.

The strength of theorem 1 rests in its applicability to any set of NV, N, operations simulating a dephasing
superchannel. Because of the above, it is crucial to determine under what conditions such encoding and
decoding maps simulate a dephasing superchannel. We move in this direction by demonstrating in Appendix B
that a necessary condition on the encoding and decoding maps realizing a dephasing superchannel is to respect
the following restrictions for any p and m:

T1o[New(Di(p) @ 7)1 = Di(Tro[ New(Di(p) @ T, (25a)
D(Tro[Naelp @ 0i)]) = DT Nge(Di(p) @ o)), (25b)
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where D is the completely dephasing channel (5) acting on the system, and
O = Tr[New(Im) (m| @ 7)]. (26)

The above shows that, on the system degrees of freedom, the pre-processing has to be a maximally incoherent
operation (6) while the post-processing map cannot use the coherence of the input to affect the population of the
output. This, however, is not a sufficient condition. More precisely, we prove in the following theorem that
indeed they have to act like a dephasing channel on the system (Proof in Appendix C):

Theorem 2. The encoding and decoding maps realize a dephasing superchannel if and only if their effect on the system
degrees of freedom is dephasing. This means that for any p and m

Tl‘z[/\/;n(/? 24 7_)] =p © Cem (27[1)
Ty [Nge(p ® 0)] = p © CL, (27b)

where T is the initial state of the environment, and o, is given in equation (26). Moreover, the Gram matrices C.,,
and CJj, for any m are the marginals of C, the Gram matrix of the dephasing superchannel (see equation (13)), given
by

Cen = Coo» Ciie = Y (Cijmmli) (- (28)

ij

The conditions presented in theorem 2 complement theorem 1 since they provide the intrinsic limits in the
freedom of the simulation. Furthermore, conditions (27a), (27b), and (28) make explicit the marginal action of
the encoding and decoding maps over the system, using the terms from the Gram matrix C directly. The above
characterization of the marginal actions over the system contributes in a clear way to fix the parameters of
operations N,,,, N, from the parameters defining the dephasing superchannel. Indeed, the previous feature of
theorem 2 will be crucial in transforming intricate general simulation problems into tractable ones.

5.2. Quantifying the required active memory
A memory device’s fundamental faculty is storing information to influence future action. The simplest way to
use amemory device to implement a quantum process is by coding a program that determines the operations
over the system through correlations. Such a capacity of a memory device is an essential resource in quantum
processes [41-43]. However, the quantum interactions of a system with memory can generate effects beyond
programming. For example, quantum processes intended for computation can drastically reduce the size of the
system used by including a quantum memory, allowing a more scalable computational architecture [44, 45].
As the previous applications demand a quantum memory that dynamically adapts to the input of the
process, it becomes relevant to distinguish those processes that require such kind of memory from those
achievable through predefined programming. The latter kind of memory is characterized by operating without
storing information from the input state, and we designate them as passive memories, while the former, in
contrast, we call active memories. The previous concepts can be formalized in the following way:

Definition 2. Whenever a superchannel implemented as in (9), has a memory:
0 = Tr[New(o ® 7)1, (29)

such that o is always independent of the system’s input g, we say the superchannel’s memory is passive and
otherwise active.

Notably, section II1.C of [22] presents an example establishing the phenomenological novelty of dephasing
superchannels as it shows that some are irreducible to noise models based solely on dephasing channels. In this
section, we go one step further, exploiting theorems 1 and 2 to show the essential role of active memory in the
new phenomenology and to assess it quantitatively.

More precisely, for a passive memory, the state o, in equation (26) is independent of m, which implies the
right-hand-side of equation (27b) should also be m-independent. Additionally, through equation (28), follows
that:

C]i% = (Cip)mm> (30)

does not depend on m. Thus, the diagonal entries of the block ij of the correlation matrix C corresponding to the
dephasing superchannel, given by equation (13), are fixed. The inverse of this is not necessarily true. To see this,
notice that it is possible to have the left-hand side of equation (27b) m-dependent, therefore having an active
memory, yet map it (by a semi-causal channel [46] for example) to an m-independent state on the right-hand
side of this equation. However, in the following subsection, we will show for dephasing superchannnels acting

6
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on qubit maps the two sets coincide. Furthermore, we emphasize the assumption that o, = o is independent of
m does not mean that the system evolution is independent of its environment, see Appendix D for more details.

Being m-independent, equation (30) demonstrates that the superchannel realized by a passive memory
forms only a measure zero subset of the entire set of dephasing superchannels. Therefore, one can associate the
dephasing superchannels achievable by a passive memory with a limited set of Gram matrices and perform the
quantitative evaluation of an active memory using a distance measure from that set:

Definition 3. A quantification of the amount of active memory M(=Z¢) needed to realize a dephasing
superchannel, isomorphic to the Gram matrix C, is:

M(=¢c) = min D(C, C,), 31
C,eS

where D is any pseudo distance [47, 48] and the optimization is over S, the set of all correlation matrices
obtained by a passive memory.

Later, we will exploit the above definition to identify promising dephasing superchannels for experimentally
testing non-trivial noises on quantum gates.

5.3. Dephasing superchannels acting on qubit channels
The point of this section is to study the active memory needed in the realization of a dephasing superchannel
acting on qubit channels. For qubit channels, we first show that the set of dephasing superchannels achievable
through passive memory follows a specific pattern: C = Y=, ,C{” ® C{. This can be understood as the
application of D0 o £ o Dw with certain classical probabilities g;, as explained in [22], rather than using more
complex higher-dimensional encoding-decoding maps. We later show for a generic dephasing superchannel the
amount of active memory is quantified by the difference between two diagonal elements of the off-diagonal
block Cy,.

To convey the central result of this section, we adopt the following notation to represent the [; distance of
two matrices G and H:

Dy (G, H) = >_|G; — Hjjl. (32)
i,j

Then, we will apply the following result from [22]:

Lemma 3. Any 4 x 4 Gram matrix C corresponding to a dephasing superchannel =¢, which acts on qubit channels, is
proportional to a two-qubit separable state.

Furthermore, we exploit the fact that any trace-preserving linear transformation, denoted by £, acting on
quantum states corresponds to an affine transformation applied to their Bloch vectors. This correspondence is
established by

o= %(1 ¥ ro) - L(p) = %(I + (At + 0).0), (33)

where A isa3 x 3 distortion matrix and tis a translation vector in R3 showing how £ shifts I. If £ is in addition
positive, then A has to be a contraction, i.e., A"A < I. In particular,

100 0
Ar=]01 0| te=]o0} (34)
000 0

define the positive linear transformation £, which is not completely positive and projects any point in the Bloch
sphere into x — y plane. Now, we bring one of the main results of this section.

Proposition 1. Let = ¢ be a dephasing superchannel acting on qubit channels with C being its associated 4 x 4 Gram

matrix, i.e.,
Coo C
c=| 2 " (35)
Co1 Coo

Then, the following are equivalent:

(i) Z¢ can berealized employing some passive memory.
(ii) C = Yq.C" ® CY.
(iii) Co;p has a fixed diagonal entry.
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Proof. The fact that (1) is achievable by applying dephasing channels, according to some classical memory,
before and after £ shows that (ii) gives (7). It is also clear that (i) implies (7i7) as discussed in the last subsection. To
complete the proof, it remains to show (iii) results in (i). In that order, we will apply Lemma 3 to show any 4 x 4
Gram matrix of the above form with fixed diagonal entries of Cy; can be writtenas g, cP @ ch.

In that order, we start by noticing that since Cis separable by Lemma 3, it admits the following
decomposition

C = 43 pilvi) (vl ® 163) (6] (36)
Letr’ = (r{, rj, r))T and s’ = (s/, s4, s1)" respectively denote the Bloch vectors of |4;) (;| and | ¢,) (], i.e.,
1 . 1 .
[¥i) (il = 5(1 +rio),  9) (gl = E(I + s’.o). (37)

Now, inserting equation (37) in equation (36), it is straightforward to see it gives a Gram matrix of the form (35)
ifand only if all the following conditions hold

Zpir; = 0, (38&)
Zpis?f = 0, (38b)
Zpir;‘s]i =0 Vje({1,23}. (38¢)

Next, applying the condition that the diagonal element of Cy, is fixed, it must hold that
Sopriss=0 Vje{1,2}. (39)

As aresult of equations (38) together with equation (39), the zcomponents of the Bloch vectors r;and s;
vanish from the Gram matrix C in equation (35). Therefore, C remains invariant under the action of the map
L, ® L,,whereaffine representation of L, is given by equation (34), i.e.,

C =42 p L.(3) (i) © L4(16;) (3D (40)
Noting that £, maps all the qubit states to the x — y plane and the fact that any state in this plane is proportional
toa2 x 2 Gram matrix completes the proof. O

The above proposition proves that the noise imposed by a passive memory in the qubit case is realizable by
applying some dephasing channels as pre- and post-processing chosen according to some classical memory. It
remains open to prove if the same holds in higher dimensions as well, i.e., whether a passive memory in any
dimension is equivalent to a classical memory. Furthermore, in the qubit case where C is separable, the presence
of a fixed diagonal within the off-diagonal block suggests the possibility of realization through a passive memory.
Examining whether separability, combined with these fixed entries, implies the existence of a passive memory in
higher dimensions, is an avenue for future research.

On the other hand, the difference between the diagonal elements of Cy,, the off-diagonal block of a4 x 4
Gram matrix C, can show the amount of active memory required in the realization of a dephasing superchannel
acting on qubit channels. In what follows, we prove this intuition. More precisely, we show, by assuming the
distance (32), the modulus of this difference between these two elements quantifies the memory through
equation (31).

Theorem 4. The minimum amount of active memory, quantified by, distance, needed in the realization of a
dephasing superchannel =, which acts on qubit channels and is isomorphic to the Gram matrix C, is given by

M (ZE¢) = min D (C, C,) = 2|Cw — Co, (41)
C.es 10 11

where S is the set of Gram matrices realizable without an active memory.

Proof. To prove it, assume the Gram matrix C’ achieves the minimum in equation (41). Thus, we get
M(Zc¢) = Dy(C, C) = > |Ck — Ci]
ikl il
2 2(ICp5 — Cul + 1Cpy — Chb)
=2(ICw — légl +ICu — %gl)
> 2|Co — Col, (42)

where the first inequality holds due to the Hermiticity of a Gram matrix and because of taking 4 out of 16 non-
negative elements of the summation. The following equality is obtained by the fact that C’ has a passive memory,
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and thus has the same diagonal element on its off-diagonal block. Finally, the last inequality is due to the triangle
inequality.

Having the lower bound (42), to complete the proof of the theorem, it is enough to show that there exists a
Gram matrix C' € § that satisfies this bound with equality. It is easy to show such a C' results from applying £,
(34)locallyon C

C'=(IZ® LIO. (43)
The facts that £, is a positive map and C s separable imply that the above gives a positive matrix, consequently,
avalid Gram matrix in S and this completes the proof. O

From the above result, we can find simple realizations of dephasing superchannels maximally departing

from those simulable with dephasing channels and passive memory. An example of such a Gram matrix is given
by

1010
_101 00
Coox =[] ¢ ¥ 0} (44)
0001
To understand the previous case in more detail, we can study its action in the Bloch sphere. Writing the
affine transformation of a general qubit quantum channel £ as
w Vi w b
A=|uw vo w2, t=|ta}, (45)
Uz vy ws 3
then, exploiting definition (2), and the identity [49, 50]:
1
|‘P><‘I’|:Z(I®I+ Q0o — 0® 0+ 03 Q 03), (46)
by applying L to the first system we obtain the corresponding Jamiotkowski state J (£):
14+ t;5+ ws us + iv3 h— ity + wy — iwy U — iy + v+
1 us — iv 1+6—w w— iUy — W — vy f — i) — w + iw
J(L) = ~ 3 3 Tl W 1 2 1— V2 4 2 1 2 (47)
41+ 1+ w +wy U+ 1y + v — v, 1 —1t;3 — ws —Usz — 13
u + iUy — W+ vy b4 i — W — iw, —uz + i3 1 —t54+ ws
Then, from identity (19) follows that the action of (44) is to turn any map (45) into:
00 (wi+1)/2 (w1 +1)/2
N = 00 (W2+f2)/2 > t' = (W2+t2)/2 > (48)
00 w3 t3

the above observation enables us to identify the modification of parameters induced by (44), providing
knowledge of the underlying phenomenology. Concretely, a recent experiment demonstrated the existence of
dephasing noise for qubit gates in a nuclear magnetic resonance (NMR) system [51]. The results of the previous
reference included the experimentally observed pre- and post-processing unitaries (16) and (17) inducing the
noise (Matrices (A4)—(A7) in appendix A of [51]). Using relation (18) and the above experimental results, we
compute the corresponding correlation matrix C*P), finding the following block matrices:

C(exp) — 1, 000 —0, 066 — 0, 3681
00 —0, 066 + 0, 368i 1, 000 ’
Clow) — (0, 003 + 0, 465 0, 701 + 0, 000i )

= . ) (49)
0, 199 + 0, 078: —0, 129 + 0, 1821

Then, knowing C®*), we can apply our characterization methods, most notably finding M (E¢e») = 0.625 > 0,
showing that it requires an active memory. Consequently, C(*® stands out for uncovering dephasing noises truly
inherent to quantum gates, distinct from noise originating at the input or output systems and certifying this novel
phenomenon in real-world quantum computing architectures, a crucial fact missing in the analysis of [51] but
reported here for the first time.

Additionally, our methods allow us to investigate the impact of = over the affine transformation (45)
and, after that, gain further insights of the underlying quantum stochastic processes by adapting noise-fitting
methods [52], an exploration deferred for future research.
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5.4.Non freely realizable operations

Ithas been argued that the study of channel resources through freely realizable operations is conceptually clearer
and provides a natural partial order between the channels under study [13]. However, there is no reason why all
resource-non-generating superchannels should be freely realizable. A compelling question is whether or not
freely realizable operations cover all physically implementable free operations in a given channel resource
theory, which remains open for most of the standard theories [11, 39].

An even more restrictive answer to the previous question is for freely realizable operations with a classical
memory to encompass all physically meaningful free operations [12]. Such a conjecture is extremely strong and
yet to date it remains open for theories as relevant as that of coherence generation. However, our previous results
allow us to conclusively answer in the negative the strong version of the conjecture. Note, that taking p
incoherent in (29), since N, is MIO, the subsequent memory o is also incoherent. Because o is passive, the
above holds for any p, and then the simulation must be equivalent to that of a classical memory i.e.

C=23q C? ® CY. Conversely, one can implement any classical memory simulation using a passive
incoherent memory by writing the initial state as quantum-—classical, using the classical system to correlate
dephasing channels —which are MIO-and then discarding the classical system. Our previous result (30) requires
the above passive memory implementations to have a Gram matrix C with identical diagonal elements at every
off-diagonal block matrix, constituting a measure zero set among all possible dephasing superchannels, hence
with infinitely many counterexamples, in particular Gram matrix (44).

We could finish our discussion about freely realizable dephasing superchannels with the above remark,
nonetheless, by increasing the dimension of the target system, we found another family of counterexamples
worth mentioning. In fact, consider the following family of dephasing superchannels Z¢,, ) which act on qutrit
channels, with correlation matrices C(«, (3) given by:

I A(®) B
Cla, B) =| AT(a) I o | (50)
Bf(B®) 0 I

with I and 0 the identity and null matrices of dimension 3, and

000 B 00
Al@ =0 0 0, BB =|0 0 o}
a 00 000

such that o, § are complex numbers in the unitary disk. Inside the above family (50), the particular case

o = 3= 1was presented in [22] to show the non-simulability of general dephasing superchannels by pre- and
post-processing of dephasing channels, which as we mentioned are equivalent to the freely realizable with
passive memory. The crucial step in the mentioned proof is that the partial transpose of the Gram matrix C(1, 1)
has a negative eigenvalue and hence the Peres-Horodecki criterion guarantees that C(1, 1) is entangled. We can
extend the same argument to the whole family C(«, 3), since their partial transpose has a smallest eigenvalue of
1 — /|a + |B*,whichis negativeiff|a|> + |3|* > 1. While the above argument shows the impossibility of
simulation due to entanglement, it omits some counterexamples revealed by our criteria.

Indeed, by invoking theorem 2 and consequently equation (30), we directly find that those C(«, 3)
satisfying | 3> > 0 define a superset of counterexamples to those witnessed by entanglement. The above shows
that memory activity underlies the strength of the correlations in the Gram matrix. In this way, our theorem 2
allows us to clarify that memory activity rather than entanglement is the dominant factor in the non-simulation
of noise.

Returning to the problem of the original conjecture: Could we use MIO operations and an arbitrary active
memory but initially incoherent to reproduce family C(«, 3)? The answer is yes, and we show (Appendix E)
their implementation using an active memory and MIO; hence we discard it as a source of counterexamples of
the original conjecture. On the other hand, a research direction would be to exploit the formula (24) and the
analytical form of incoherent operations (I0) [53] to make a numerical search of counterexamples in the qubit
case, but by gradually increasing the dimension of the memory, which we leave for future research.

Nonetheless, we can observe that our main results unequivocally resolve the strong version of the simulation
conjecture by freely realizable operations. The above underscores the tangible importance of theorems 1 and 2
while also pointing towards their potential to significantly contribute to resolving the original conjecture.

6. Discussion

The inherent sensitivity of quantum effects to noise poses a significant challenge to harnessing quantum
advantages for practical purposes. Consequently, understanding how noise affects quantum gates and systems is
essential for designing robust quantum devices. In this work, we’ve addressed the previous challenge by
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extending a recent model of dephasing noise in quantum gates. Our main contribution is a formula that
simplifies the task of determining if a set of operations and memory can simulate a specific dephasing noise.

One of the key aspects explored in our research is the role of memory activity in simulating dephasing
superchannels. We have categorized memory into two types: passive and active. Surprisingly, our findings
suggest that even in the case of qubit systems, active memories are necessary, challenging previous expectations
[22]. We also introduced a quantifier of memory activity required to simulate a dephasing noise and provided an
analytical formula to compute it in the qubit case. Moreover, we apply our methods to analyze data from a recent
experiment in a nuclear magnetic resonance (NMR) system [51] to certify the existence of an intrinsic gate’s
dephasing noise, irreducible to dephasing to either input or output states, for the very first time. The evidence
unveiled by our methods provides a solid motivation for further study of the non-trivial noise manifestations of
dephasing superchannels in the current quantum computing architectures [54—56].

Our research also has significant implications for resource theories, which are essential for classifying and
quantifying quantum resources. Specifically, we have examined the conjecture that any free operation within the
resource theory of coherence generation can be implemented using memory and pre- and post-processing
maximally incoherent operations (MIO). For the stronger version of this conjecture, which considers solely the
use of classical memories, we have identified dephasing superchannels that serve as compelling
counterexamples. This finding challenges existing assumptions and opens up new avenues for understanding
free operations in the coherence generation resource theory.

As our research has highlighted, there is still much to explore in the realm of dephasing superchannels and
their relevance for understanding memory and quantum operations. One intriguing research direction is
investigating the physical meaning of correlations in the Gram matrices, specifying the dephasing noise. Despite
memory activity overshadowing these correlation’s role in determining non-trivial dephasing superchannels, a
better explanation of the physical origin of these correlations is still needed. We expect that such an explanation
could contribute to the profound question of the relationship between communication and memory, both
associated with spatial and temporal correlations, respectively [57].

While our research primarily focuses on the theoretical aspects of quantum information, the knowledge
gained can have far-reaching consequences for the development of quantum technologies. Understanding the
role of memory and the impact of noise on quantum operations is crucial for building more reliable and efficient
quantum devices. Concretely, our work makes compelling the detection of non-trivial dephasing noise in gates
on current architectures and the identification of appropriate error mitigation protocols for their new
phenomenology.

In conclusion, our research into dephasing superchannels, memory activity, and their implications for
resource theories represents a significant contribution to the field of quantum information. The unexpected
findings challenge established assumptions and provide a fertile ground for further exploration. We are
convinced that as quantum technologies continue to advance, the insights gained from our work will play a
pivotal role in realizing the full potential of quantum devices.
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Appendix A. Proof of theorem 1

Here we will show how the correlation matrix C can be reconstructed knowing the encoding and decoding
maps, N,, and N, introduced in equation (9). Let " and P respectively denote the superoperator of A,
and N, and let T be the initial state of the environment in the realization of a dephasing superchannel (10).
Moreover, let @ denote the superoperator representation of the input quantum operation and note that to be
acted on by the superchannel, it does not have to be trace-preserving. However, being a quantum operation
means it is completely positive and its associated Jamiotkowski state ], see equation (2), is positive. We apply
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equation (19) to form C. To do that, we employ equation (4) and the fact the superoperator representation for a
concatenation of any two operations, £ = &, o &, respects ¢ = &0, Hence,

Jgo C)P’ = —qu)peqeq) u DL i TaB> (AD)

) kAl iaj
Kl ['; i

The above equality implies that for any , j, p, g and positive

d]px n= ZZ@%H@ K <I>mw, Tafh (A2)
’”” 6’ 77 k~yin iajf
which in turn gives
Z d]"”' x | Cri 5kp6mz 6lq jn Z(I)pﬁqﬁ Oty Top| =0, (A3)
0 9 7/ kvin 10-]5

kl

where we used equation (4) for ®. The above holds for any J corresponding to a quantum operation. This means
all positive matrices of dimension d” with a trace less than unity. The set of these matrices spans the entire set of

pi
matrices of the same dimension. Next, we define d* matrices BY for any i, j, p, g as

BW = Cpt|q1 (pil = > | D 0%, P T |In) (kml|, (A4)
Im | 0,7, I/ k~in ioj3
kn \ o,

we get for any positive semi-definite J
pi
Tr[JBY] = 0. (A5)

i
The above implies that for all 5, j, p, g, the matrices BY have to be zero which results in equation (22) and
completes the proof of Theorem 1.

Appendix B. Proof of equation (25)

In this Appendix, we bring a sketch of the proof of equation (25). The rigorous proofis in line with the proof of
Theorem 2 which is a stronger version of equation (25).
Being idempotent under concatenation, the maximally dephasing channel D satisfies for all channels £

DIO€OD[:D[OD1050DIODI. (Bl)

This means that the classical action of £ and £’ = D; o £ o D are the same, see equation (7). On the other
hand, a dephasing superchannel preserves the classical action of any channel by definition. Therefore, the
classical actions of £ and &’ are equal with the left and the right following quantum circuits, respectively. This
implies, due to equation (B1), that these two circuits are equivalent. Thus, one can find equality, in the system’s
degree of freedom, of the block 1 (highlighted in blue) in each circuit and the same for block 2 (highlighted in
red).

Ea: BBy Bt

_______________________ s discard R Mmoo discard

Appendix C. Proof of theorem 2

Before proving this theorem, we emphasize that the action of the decoding map on those degrees of freedom of
the memory that are not in the image of \/,,, plays no role.

Proof. We first prove if the superchannel is a dephasing superchannel, then equation (27) has to hold. Later, we
will prove equation (27) is also sufficient.
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To prove the first part, applying Theorem 1, let in equation (27) p = g, i =j, k = m, and [ = n. Thus,

me ip = Z(I)dx(m D% Ta, B+ (C1H)

o pypn manf
o,

Now, we sum over all indices 7 in both sides of the above equation

CP"’ = ZZ(I) %0 P ﬂnﬂ T,
1

- 9 " pypn  man,

222 (i0WNae(1p) (p1217) (i) x (my|Nea(Im) (n|@7) 1)

i 0,71

=Y "Tr[Nge(lp) (pl ® 17)(nD] x (mAANep(|m) (n|@T)|mn)

YN
=>"Trllp) (pl @ |7)(nI] x (m AN (|m) (n|@7)|nn)
N

= (m|Tro[New(|m) (n|@7)]|n), (C2)

where the second equality is because of equation (3). Also, we applied the trace preserving property of the
decoding channel to obtain the fourth equation. Applying the above equation, together with the fact that A/,
and partial trace are two linear maps, shows that (27a) must hold. Also, by noticing that the diagonal block of the
correlation matrix is fixed, one gets that the left-hand side of the above equation is indeed independent of p and
that Cen = C()o.

To prove (27b), we assume now in equation (22) that k = I = m = n, and we make use of equation (272)

C im 6lp6]q = Z(b 00 em ymn Tu,ﬂ (CS)
D P mam/3
a,f

= > (i0INz(p) (a|@17) (n)1j0) x (my|New(|m) (m|@T)|mn)

0,v,m

= > ITnNg(p) (q1®17) (D11j) % (mA(Im) (m]|@0,,) [mn)

71

= (i| Tro[Nae(| p) (q|@Tm)]1 ) (C4)

Here, we applied the fact that N, (|m) (m| ® 7) = |m)(m| & o, holds because the state |m) (m | does not
change under a dephasing channel and a bipartite state has a pure marginal if it is product. Again, the above
equation and the linearity of the maps N, and Tr, complete the proof of the necessity of equation (27b) for the
decoding map to give a dephasing superchannel.

To prove the inverse, we assume that equation (27) holds and show the result will be a dephasing
superchannel, i.e., it results in equation (12). In that order, note that for all pand £ it holds that

DroZ(E)oDi(p) = (D1 ®@ Try) o Nge o (E® I) o NewDi(p) @ 7)
= Pum@D1 ® Tr) o Ngeo (€ ® I) o Nw(|m) (m| ® 7)
=2 (D1 ® Try) o No(E(lm) (m]) & )
— > Py D10 De(E(lm) (m]))
=D 0 & pyymlm) (m|) = Dyo €0 Di(p), (C5)
where we used equation (27a) in the third inequality and equation (27b) in the forth. The fifth equality is
obtained by employing the fact that the concatenation of any dephasing channel with the maximally dephasing

one results in the latter, i.e., D¢ o Df = Dy o D = Dy. The above shows that equation (27) provides the
sufficient condition to have a dephasing superchannel and completes the proof. O

Appendix D. Evolution of off-diagonal elements when the ancillary system plays the
memory role

To precisely show that even a passive memory affects system evolution, we use the Stinespring dilation of the
map N,,. To this end, let U,,, define the unitary operator in a Stinespring dilation of N,,. Then, for two basis
states |m) and |n) of the system, we get

Undm ® A® 0)=m) ® [T,

=lm) © oM o) wd™, (Dla)
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Undn @ A® 0)=|n) @ W)
=) ® 3 P 1N A", (D1b)

where |0) € HEis the environmental state needed in the Stinespring picture. Moreover, we applied the fact that
the basis states |i) for all i, and thus i = m, 1, do not change. Therefore, they remain pure and have a product
structure. Additionally, in the second equation in both equalities above, we wrote the state |1)) € H), ® Hg in
the Schmidt basis applying the assumption that o™ is i-independent. Thus the off-diagonal element |m) (n]|
evolves as

Now(Ilm) (n]) = Trpp(Uplm @ A ® 0)(n® A® 0| U))
=S NN N ™ 1m) (n] = Cpy,lm) (n]. (D2)

The above shows how the ancillary system can affect the main system even once it has the role of memory with an
invariant state.

Appendix E. Explicit physical realization of C(c, (3)

In this appendix, we will introduce the explicit form of controlled unitary gates in equations (16) and (17) by
which we can realize the dephasing superchannel corresponding to C(«v, ) introduced in (50). To this end, a set
of states forming C(cv, 3) will come to assist. Consider |1);) := V;U;|00), then the Gram matrix reads

Cirji= (¥i1ix). The set of states corresponding to C(a, () is defined as |¢y) = |ik) foralli, k= {1,2, 3} but
[121) = a*[13) + /1 — |a*|21)and [¢p31) = B*|11) + /1 — | B[*|31). Clearly, this set is not unique.
Applying these states it is straightforward to find a set of unitary operations for the realization of C(«, (3). Fora
given set of states, these unitary operators are not unique since the only thing that plays a role is their action on
the state |00). As an example of such a set of unitary operators applicable as a pre- and post-processing to form
the dephasing superchannel corresponding to C(a, 3) through equations (16) and (17), we introduce
U,=V,=LU,=1®1l,, Us=I® 115 withI1,,, being the permutation of # and #n, and V>, V3 any unitary
matrix with the following action

Val11) = [¥21), Vi|11) = [1b31),
Val12) = [¢2), Vi|12) = |3,
Vil13) = [4)23), Vi|13) = [433).
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