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ABSTRACT

We compute the ground state of a Bose–Einstein condensate confined on a curved surface and unravel the effects of curvatures. Starting with
a general formulation for any smooth surface, we apply it to a prolate ellipsoid, which is inspired by recent bubble trap experiments. Using
only elementary tools, we perform a perturbative approach to the Gross–Pitaevskii equation and a general Ansatz, followed by a dimensional
reduction. We derive an effective two-dimensional equation that includes a curvature-dependent geometric potential. We compute the
ground state using the Thomas–Fermi approximation and, for an isotropic confinement, we find that the highest accumulation of atoms hap-
pens in the regions with the greatest difference between the principal curvatures. For a prolate ellipsoid, this accumulation happens on the
equator, which is contrary to previous findings that describe accumulation on the poles of a bubble trap. Finally, we explain the reasons for
this difference: the higher accumulation of atoms on the poles happens due to anisotropies in the confinement, while the higher accumulation
on the equator happens exclusively due to the geometric properties of the surface.

VC 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (https://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1116/5.0281991

I. INTRODUCTION

The physics of quantum systems constrained to curved manifolds
of one- and two-dimensions was already the subject of interest in the
last century, where effective low-dimensional Schr€ondinger equations
were derived.1–3 Dimensional reduction techniques have found appli-
cation in diverse fields, such as in electronic materials,4,5 photonics,6

and DNA wires.7 Of particular relevance to the present work, there is a
variety of results of Bose–Einstein condensates (BECs) on curved wires
and surfaces.8

Flat geometries are particular cases of curved geometries,
where the curvatures vanish everywhere. Experiments of BECs on
flat manifolds of one and two dimensions have already been performed
by many groups with diverse techniques,9 where cigar-shaped and
disk-shaped traps are realized.10,11 Curiously, it was initially believed
to not be possible to implement a BEC on low dimensions, due to
the Hohenberg–Mermin–Wagner theorem that predicts that the
phase transition to a BEC happens only at null temperature in a

homogeneous system.12,13 Later, it was found that different boundary
conditions for a low-dimensional flat trap allow the BEC formation at
a positive temperature.14 Theoretical dimensional reduction techni-
ques for these flat traps can be found, for instance, in Refs. 15–18.

The confinement of BECs on one-dimensional curved manifolds
has already been experimentally demonstrated as well, where ring-
shaped potentials have been quite often explored.19–25 To cite a few
applications, one can characterize the rotation of a ring,26 its employ-
ment on atomtronics,27 the propagation of solitons28 and sound
waves,29 and even the simulation of an early universe in expansion.30

Ring-shaped traps are one specific kind of curved manifold with the
shape of a circular ring. One can also find the demonstration of more
exotic shapes of one-dimensional traps.31 A theoretical analysis of a
BEC on an ellipsoidal waveguide can be seen in Refs. 26 and 32 and on
any kind of one-dimensional geometry in Ref. 33.

Recently, the prospects of observing a Bose gas on a two-
dimensional curved manifold became a reality with a type of
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confinement known as a bubble trap.34,35 This experiment was initially
proposed in Refs. 36–38, involving atoms dressed by a radio frequency
field trapped in an inhomogeneous magnetic field. With this, it is pos-
sible to let the gas be confined to the surface of an ellipsoidal shape.
The first experimental realization of a Bose gas in the thermal state on
the surface of an ellipsoid using this technique was performed in Ref.
39. Attempts to reach the BEC state were performed in the same
experiment;40–42 however, it happened that the gas was found only on
the bottom of this bubble due to the gravitational sag. Thus, it became
necessary to find alternative routes to implement this bubble shape
successfully.

The first one of these routes was to launch this experiment to the
International Spacial Station (ISS) of NASA, where a cold atom labora-
tory was developed to perform a variety of experiments with fermionic
and bosonic cold gases.43–46 A little time after the first realization of a
BEC in ISS,47 it was reported the first step on the bubble trap experi-
ments: an ultra-cold Bose gas was confined on the surface of a bubble
trap,34 where the gas is found in thermal states. The second route to
implement experimentally the bubble trap happened in a terrestrial
laboratory using an alternative technique based on the use of dual
atomic species,35 a method proposed in Refs. 48–50. Realizing the cold
gas in the BEC state on a bubble trap is still being a challenge in all
these experiments, and in Refs. 51 and 52, one can find the perspec-
tives for all these developments. Finally, further routes are also being
explored to compensate gravity and will enable the implementation a
bubble trap with the radio frequency dressing technique on the ground
as well.53

Motivated by these experimental achievements, diverse topics
concerning BECs on a bubble trap were explored theoretically.
Collective modes were computed using diverse methods54–59 which, in
particular, can characterize the crossover from a full sphere to a hol-
lowed one.57,58 The critical temperature of a BEC on the surface of a
sphere was computed in Refs. 60–62, and the superfluid transition was
characterized in Ref. 63. The stability of the fluid phase was analyzed
in Refs. 64 and 65 and of stationary states of a BEC in Refs. 66 and 67.
The self-interference in a bubble trap in free expansion is studied in
Refs. 56 and 68 and its thermodynamic properties in Ref. 62. The
authors of Ref. 69 propose a scheme that enables the generation of a
slowly expanding shell with an isotropic momentum distribution.
Furthermore, dipolar gases are explored on the surface of a sphere in
Refs. 59, 65, and 70–72 and vortice dynamics in Refs. 73–75, while
atomic interaction properties are characterized in Refs. 76 and 77. A
review of these topics can be seen in Refs. 52 and 78.

For simplicity, the majority of the theoretical analyses describe
the bubble as a perfect sphere, even though an ellipsoidal shape would
be a better approximation.41 Nevertheless, a sphere is a good approxi-
mation, including the fact that the topological properties of these two
geometrical shapes are the same.63 Among a few works that describe
the bubble trap as an ellipsoid,78–80 in Ref. 68, the authors compute the
ground state of a BEC confined on such a surface and find a higher
atomic accumulation on the poles of a prolate ellipsoid. Additionally,
the thermal Bose gas in the experimental realizations shows similar
behavior.34

In the present manuscript, we also compute the ground state of a
BEC on an ellipsoid. In particular, we show that the geometric proper-
ties of an ellipsoid lead to an opposite ground state profile as the one
above described: they induce a higher accumulation of atoms on the

equator of a prolate ellipsoid, and not on the poles. Here, we are going
to derive these results and explain this difference.

We initially derive our results for any kind of curved surface,
where we obtain a two-dimensional Gross–Pitaevskii (2DGP) equation
and a Thomas–Fermi solution. Subsequently, we apply these equations
to the specific case of an ellipsoid, allowing us to discuss applications
on a bubble trap and make a comparison with the ground state profile
from Refs. 34 and 68. We work with a perturbative method, inspired
by tools from Ref. 81, followed by a dimensional reduction technique,
where we integrate the variable perpendicular to the surface. We
obtain the 2DGP equation, where a term can be interpreted as a low-
dimensional effective potential and depends on the curvatures of the
surface. This is a term known as the geometric potential,2,3 and it is
responsible for the accumulation of atoms on the equator of a prolate
ellipsoid.

We proceed as follows: In Sec. II, we introduce the mathematical
objects we are going to use, where many of these tools were already
used in a previous manuscript from one of us.54 In Sec. III, we establish
the physical model we are going to work on: we define the hypotheses
on the confinement frequency and the strength of the interactions. In
Sec. IV, we develop the perturbative expansion, in Sec. V, we employ
the dimensional reduction, and in Sec. VI, we explore the Thomas–
Fermi solution, for any kind of surface. In Sec. VII, we define an ellip-
soid inspired by the experimental parameters of a bubble trap, and in
Sec. VIII, we compare our results with the literature. In Sec. IX, we pre-
sent a discussion and in Sec. X our conclusions.

II. MATHEMATICAL PRELIMINARIES

In this section, we introduce the mathematical objects that are
necessary for the development of the paper. We closely follow the
methods of a previous work by one of us,54 where the reader can find a
similar introductory section. The content of this section can be found
in textbooks82–84 and other references, such as Refs. 85–87.

Let us consider a smooth surface M, that is, a two-dimensional
differentiable manifold embedded in the three-dimensional Euclidean
space. Assume that a given portion of M can be described by the two
variables x1 and x2. That is, any point p that belongs to this surface
portion can be expressed as p ¼ ðx1; x2Þ. Since M belongs to the 3D
space, these two variables might be expressed as functions of the
Cartesian coordinates ðx; y; zÞ. On a surface, it is possible to define
curvatures in more than one way. Important definitions are the princi-
pal curvatures j1 and j2, the mean curvatureH, and the Gaussian cur-
vature K.

To define the principal curvatures, let us first define the curvature
of a curve on a plane, that is, of a one-dimensional manifold embedded
in the two-dimensional Euclidean space. A curve on a plane can be
described by a parametrized equation of the type cðtÞ ¼ ðxðtÞ; yðtÞÞ,
such that kc0ðtÞk ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x0ðtÞ2 þ y0ðtÞ2

q
¼ 1. The tangent vector to this

curve is given by c0ðtÞ, and its curvature is given by jðtÞ ¼ kc00ðtÞk.
The interpretation of this curvature is that it is the inverse of the radius
of the circle that is the best approximation to the curve cðtÞ at the
respective point.

Now, let us consider again the surface M, a specific point
pðx1; x2Þ on this surface and the normal vector nðpÞ toM at p. There
is an infinite set of planes with origin at p and parallel to nðpÞ. Each of
these planes intersects the manifoldM, and this intersection is a curve
on a plane, as described in the previous paragraph. Take this infinite
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set of curves and their respective curvatures at p, and consider the
maximum and minimum among these curvatures. This defines the
principal curvatures j1ðx1; x2Þ and j2ðx1; x2Þ.

The mean and Gaussian curvatures are defined as

Hðx1; x2Þ ¼ j1ðx1; x2Þ þ j2ðx1; x2Þ
2

(1)

and

Kðx1; x2Þ ¼ j1ðx1; x2Þj2ðx1; x2Þ: (2)

Conversely, one can also obtain that

jiðx1; x2Þ ¼ Hðx1; x2Þ6
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
H2ðx1; x2Þ � Kðx1; x2Þ

p
: (3)

Remember that the mean curvature of a curve at a given point is
the inverse of the radius of the circle that best fits on a curve at this
point. For the surfaceM, let us define

Rðx1; x2Þ ¼ min
1

j1ðx1; x2Þ ;
1

j2ðx1; x2Þ
� �

; (4)

which is the radius of the smaller circle that fits on a path on the sur-
face at p ¼ ðx1; x2Þ, as we explained in the above paragraph. It is also
possible to define the minimum among the radii Rðx1; x2Þ

R ¼ min Rðx1; x2Þ; for ðx1; x2Þ 2 M
� �

: (5)

For a compact surface, R is strictly positive.
Let us now consider the three-dimensional space in the vicinity of

a portion of the smooth surface M that contains p ¼ ðx1; x2Þ.
Consider a point q in the vicinity of M and suppose that the distance
d q;Mf g between q and M is given by the distance d q; pf g between
q and p. That is, p is the point onM that is the closest to q.

With this, we can introduce the Gaussian normal coordinate sys-
tem that describes the three-dimensional space and is represented by
the variables ðx0; x1; x2Þ. The variable x0 is defined as the distance
from a given point to the manifold, and the variables ðx1; x2Þ are
defined as their values on the point onM that is the closest. That is, in
the Gaussian normal coordinate system, the point q as described above
is given by

q ¼ ðx0; x1; x2Þ ¼ ðd q; pf g; x1; x2Þ; (6)

while the point p that is on the surface is given by

p ¼ ð0; x1; x2Þ: (7)

The Gaussian normal coordinate system is well-defined only in
the vicinity of the manifold, where jx0j < R. With this, each point
is described by a unique combination of variables x0, x1, and x2. For
simplicity, we will consider �R=2 < x0 < R=2. With this, we define
the neighborhood NðMÞ of M as the points q ¼ ðx0; x1; x2Þ of the
3D space described by the Gaussian normal coordinate system, with
jx0j < R=2.

The metric of a manifold is defined as a matrix whose entrances
are the internal product between the tangent vectors

Gl� ¼ vl � v�; (8)

where vl ¼ @q=@xl, for l ¼ 0; 1; 2. The metric of the three-
dimensional space in the Gaussian normal coordinates in the vicinity
ofM is given by54

Gl�ðx0; x1; x2Þ ¼
1 0 0
0 gijðx0; x1; x2Þ
0

0
B@

1
CA; (9)

and the metric of the surfaceM is given by

ðg0Þijðx1; x2Þ ¼ gijð0; x1; x2Þ: (10)

From Appendix A of Ref. 54, one can see the relation of the met-
ric in the Gaussian normal coordinate system and the above
curvatures

detgðx0Þ ¼ detg0 1þ 4x0H þ ðx0Þ2ð4H2 þ 2KÞ
�

þ 4ðx0Þ3HK þ ðx0Þ4K2
�
; (11)

where we hide the dependence of g, g0,H, and K on x1 and x2 for brev-
ity. Note that this is an exact formula. Moreover, this metric determi-
nant can be re-expressed with the principal curvatures as

detgðx0Þ ¼ detg0ð1þ j1x
0Þ2ð1þ j2x

0Þ2: (12)

The Laplacian in Gaussian normal coordinates can be written as

D ¼ @2

@x02
þ @

@x0
ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detgðx0Þ

p	 

@

@x0
þ DMðx0Þ; (13)

with the abbreviation

DMðx0Þ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detgðx0Þp @

@xi
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detgðx0Þ

p
gijðx0Þ @

@xj

� �
: (14)

All the mathematical objects reviewed here are going to be used
within a physical model to derive our results.

III. MODEL

To study a Bose gas that is confined on a curved surface we must
initially establish how it is confined there. For that, we are going to
consider a modified harmonic trap as the following. Significantly, this
confinement must be strong, so that the gas behavior becomes almost
two-dimensional.

To that, let us choose a harmonic frequency x0, with the condi-
tion that the corresponding one-dimensional cloud width r0 ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�h=mx0

p
satisfies r0=R � 1. Here, �h is the Planck constant and m is

the mass of the confined particles.
We consider then the following confinement potential:

Utrapðx0; x1; x2Þ ¼ m x0 þ x2ðx1; x2Þ
� �2

2
ðx0Þ2

¼ mx2
0

2
ðx0Þ2 þmx0x2ðx1; x2Þðx0Þ2

þmx2ðx1; x2Þ2
2

ðx0Þ2: (15)

By definition, we have that

O
x0

xR

� �
¼ O

r0
R


 ��2
 !

; (16)

where we introduced xR ¼ �h=mR2 for a dimensionless comparison of
orders of magnitude. Importantly, we impose that
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O
x2ðx1; x2Þ

xR

� �
¼ O 1ð Þ; (17)

for all x1 and x2 where the Gaussian normal coordinate system is well-
defined.

Note that, for completeness, we could have added a term
mx1ðx0Þ2=2, with Oðx1=xRÞ ¼ Oððr0=RÞ�1Þ in the above potential.
However, we would have imposed it to be constant as well, thus it can
be absorbed into the factor x0 without any loss of generality. The rea-
son we impose these frequencies to be constants is that, without these
constraints, it is not possible to perform a dimensional reduction for
any infinitely thin manifold. In general, divergent terms would appear
in the limit r0 ! 0, and the gas would accumulate at a specific point
rather than being distributed across the surface. A well-defined dimen-
sional reduction was performed for a case where x0 is not constant in
Ref. 55, where the studied surface is asymptotically a sphere.

The wave function Wðx0; x1; x2Þ that is a solution or an approxi-
mate solution for the ground state of a gas confined in the potential
(15) for r0 � R is expected to be concentrated in the neighborhood of
the surface M. That is, we expect that a good approximation for the
particle number is given by

N ’
ðR=2
�R=2

dx0
ð
dx1dx2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gðx0; x1; x2Þ

p
kWðx0; x1; x2Þk2: (18)

Moreover, any other quantity related to the wave function can
also be computed considering only this spatial region.

Finally, we consider that the interaction strength gint among the
atoms is weak. Specifically, we consider that

O
as
R

� �
¼ O

r0
R

� �
; (19)

where as is the scattering length with the relation gint ¼ 4p�h2as=M.
This hypothesis is not strictly necessary to study a dimensional reduc-
tion. For instance, in Refs. 57,58, they studied the behavior of a quasi-
two-dimensional sphere considering strong interactions. Here, we
make this choice of such weak interactions in order to study the influ-
ence of interactions just after performing a dimensional reduction.

IV. PERTURBATIVE EXPANSION

In this section, we develop part of our methodical calculations.
Readers who prefer to skip the technical details may read only the next
paragraph, where we summarize the main steps of this section, and the
last two paragraphs, where we motivate the calculations of Sec. V.

Here, we consider a general Ansatz for the wave function given
by Eq. (23), with the conditions (24) and (25). We insert this Ansatz
into the GP equation, which is given by expression (20), in a short
form, and by expression (22), in an extended form.We follow a pertur-
bative expansion in orders Oðr0=RÞ. The first order to be considered
is Oð½r0=R��2Þ, from which we obtain the solution for the term eS0

from the Ansatz (23), which is proportional to the Gaussian wave
function G from Eq. (32). This term guarantees that the wave function
is exponentially small far from the surfaceM. We proceed to the next
order Oð½r0=R��1Þ. From this step, we obtain a partial solution for the
term eS1 from the Ansatz (23), which is given in Eq. (39). From these
findings, we can express the Ansatz as in Eq. (41), where wmust satisfy
Eq. (43) up to order Oð1Þ. Equation (43) thus is the development of
the GP equation (20) with the imposed Ansatz.

With (41) and (43), it is possible to proceed to Sec. V. In the fol-
lowing, we perform the above-described systematic calculations.

We intend to solve approximately the Gross–Pitaevskii (GP)
equation

�lW� �h2

2m
DWþ Utrap þ gintjWj2W ¼ 0; (20)

which can be denoted as

GPðWÞ ¼ 0: (21)

Inserting the potential (15) and the expression (13) for the
Laplacian into the above equation, the GP equation in Gaussian nor-
mal coordinates becomes

� lW� �h2

2m
@2

@ðx0Þ2 þ
@ ln

ffiffiffiffiffiffiffiffiffi
detg

p
@x0


 �
@

@x0
þ DMðx0Þ

 !
W

þmx2
0

2
ðx0Þ2Wþmx0x2ðx0Þ2Wþmx2

2

2
ðx0Þ2W

þ gintjWj2W ¼ 0: (22)

To solve approximately this equation, we are going to consider
the following Ansatz:

Wðx0; x1; x2Þ ¼ a1=2eS0ðx
0 ;x1 ;x2ÞþS1ðx0;x1 ;x2Þþ…; (23)

where a is a constant defined by the units chosen to describe the prob-
lem. Importantly, close to the surface M, specifically, where Oðx0=RÞ
¼ Oðr0=RÞ, we assume the following:

O R
@S0
@x0

� �
¼ O

r0
R


 ��1
 !

; O R2 @2S0
@ðx0Þ2

 !
¼ O

r0
R


 ��2
 !

;

(24)

O R
@S1
@x0

� �
¼ O R2 @2S1

@ðx0Þ2
 !

¼ Oð1Þ: (25)

The above hypotheses (24) and (25) are motivated by assump-
tions (16) and (17), and inspired by the approach developed in Ref. 81.
Note that S0 represents the term responsible forW being very sharp in
the vicinity of the surfaceM.

Generally, we also consider that OðR@Sn=@x0Þ ¼ Oð½r0=R�n�1Þ
and OðR2@2Sn=@ðx0Þ2Þ ¼ Oð½r0=R�n�2Þ, for x0 ’ r0 and n � 2.
However, we will need only terms until order Oð1Þ to reach our
results, meaning that we will neglect terms of orders Oðr0=RÞ or
higher. With this only the terms S0 and S1 are relevant to our calcula-
tions. The terms associated with S2 vanish under the approximations
we are making, and we show it in Appendix C. To be precise, we
would need to include the terms associated with S2 in the following
calculations, but for simplicity, we will already now ignore them.
Moreover, the terms associated with Sn, for n � 3 are of order
Oðr0=RÞ or higher, and we already neglect them now.

Evaluating the first and second derivatives ofW, we obtain

@W
@x0

¼ ðS00 þ S01ÞW and

@2W

@ðx0Þ2 ¼ ðS000 þ S00
2 þ 2S00S

0
1 þ S001 þ S01

2ÞW: (26)
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Inserting these expressions with the above Ansatz into the GP
equation and dividing it byW, we obtain approximately that

� ðl0 þ l1 þ l2Þ �
�h2

2m

 
S000 þ S00

2 þ 2S00S
0
1 þ S001 þ S01

2

þ @ ln
ffiffiffiffiffiffiffiffiffi
detg

p
@x0


 �
ðS00 þ S01Þ

!

� �h2

2m

DMðx0ÞW
W

þmx2
0

2
ðx0Þ2 þmx0x2ðx0Þ2

þmx2
2

2
ðx0Þ2 þ gintjWj2 ¼ 0: (27)

where we divided the chemical potential into three terms of orders

O
l0
lR

� �
¼ O

r0
R


 ��2
 !

; O
l1
lR

� �
¼ O

r0
R


 ��1
 !

;

O
l2
lR

� �
¼ Oð1Þ;

(28)

where lR ¼ �hxR=2 is introduced for a dimensionless comparison.
Notably, the above equation is valid only for the range where

O
x0

R

� �
¼ O

r0
R

� �
: (29)

This constraint occurs because we already have that W ’ 0 out-
side this range, and consequently, the GP equation (22) is approxi-
mately satisfied automatically. Therefore, we can only impose equation
(27) to be approximately valid in the range (29).

Now, considering only the terms of order Oð½r0=R��2Þ in Eq.
(27), we obtain

�l0 �
�h2

2m
S000 þ S00

2
� �þmx2

0

2
ðx0Þ2 ¼ 0; (30)

where we remind that Oðx2
0=x

2
RÞ ¼ Oð½r0=R��4Þ and Oð½x0�2=R2Þ

¼ Oðr20=R2Þ, leading toOðx2
0½x0�2=½x2

RR
2�Þ ¼ Oð½r0=R��2Þ.

Denoting G ¼ p�1=4r�1=2
0 eS0 , we have that G00 ¼ ðS000 þ S00

2ÞG
and the above equation is simply the equilibrium equation of a one-
dimensional quantum harmonic oscillator

�l0G� �h2

2m
G00 þmx2

0

2
ðx0Þ2G ¼ 0; (31)

leading to the following Gaussian wave-function and chemical
potential

Gðx0Þ ¼ e�ðx0Þ2=2r20ffiffiffi
p4

p ffiffiffiffiffi
r0

p
; l0 ¼ �hx0

2 :
(32)

Consequently, we obtain that

S0ðx0Þ ¼ � ðx0Þ2
2r20

; S00ðx0Þ ¼ � x0

r20
; S000ðx0Þ ¼ � 1

r20
: (33)

Note that this solution is consistent with hypotheses (24) and
that S0 is independent on the variables x1 and x2. With this, the ansatz
(23) can be rewritten as

Wðx0; x1; x2Þ ¼ Gðx0Þwðx0; x1; x2Þ; (34)

where wðx0; x1; x2Þ ¼ p1=4r1=20 a1=2eS1ðx
0 ;x1 ;x2Þ. Remember that here we

are already ignoring the terms Sn, for n � 2.
With expression (34), GP equation (27) becomes

�ðl1 þ l2Þ �
�h2

2m
2S00S

0
1 þ S001 þ S01

2 þ @ ln
ffiffiffiffiffiffiffiffiffi
detg

p
@x0


 �
ðS00 þ S01Þ

� �

� �h2

2m

DMðx0Þw
w

þmx0x2ðx0Þ2 þmx2
2

2
ðx0Þ2 þ gintG

2jwj2 ¼ 0;

(35)

which is also valid only in regime (29). Now, considering only the
terms of orderOð½r0=R��1Þ, the above equation becomes

�l1 þ
�h2x0

mr20
S01 þ

1
2

@ ln
ffiffiffiffiffiffiffiffiffi
detg

p
@x0


 �� �
¼ 0; (36)

which imposes that l1 ¼ 0 (see Appendix A) and that

@S1
@x0

¼
@ ln ðdetgÞ�1=4

	 

@x0

: (37)

Integrating this equation on x0, we obtain

S1ðx0; x1; x2Þ ¼ ln detgðx0; x1; x2Þ� ��1=4
	 


þ S1ðx1; x2Þ; (38)

and then

eS1ðx
0;x1;x2Þ ¼ eS1ðx

1;x2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detgðx0; x1; x2Þ4

p
:

(39)

Denote /ðx1; x2Þ ¼ p1=4ðar0Þ1=2eS1ðx1;x2Þ=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detg0ðx1; x2Þ4

p
. Con-

sidering expression (32), Ansatz (23) takes the form

Wðx0; x1; x2Þ ¼ G x0ð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detg0ðx1; x2Þ4

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detgðx0; x1; x2Þ4

p /ðx1; x2Þ; (40)

which is the same Ansatz as the proposed one in Ref. 54, but written in
a slightly different way. There, the term

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detgðx0; x1; x2Þ4

p
was intro-

duced to maintain the error in the calculation of the particle number
exponentially small. Without this term, this error would have a qua-
dratic decrease within the ratio r0=R. In the present paper, we derived
this Ansatz from more general hypotheses and more elementary meth-
ods. Moreover, the dimensional reduction in Ref. 54 was treated in a
quasi-two-dimensional limit so that the dependence of r0 on the varia-
bles x1 and x2 was considered. In the present paper, we consider r0 as
a constant.

From Eq. (12), Ansatz (40) can be rewritten as

Wðx0; x1; x2Þ ¼ Gðx0Þwðx0; x1; x2Þ ¼ Gðx0Þ/ðx1; x2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1þ j1x0Þð1þ j2x0Þ
p : (41)

Remember that this solution is written in Gaussian normal coor-
dinate systems, which is well-defined only for jx0j < R, where R
¼ min 1=j1; 1=j2f g. Consequently, the term ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1þ j1x0Þð1þ j2x0Þ

p
never vanishes.

Turning back our attention to the GP equation, from solution
(37), we obtain that expression (35) becomes
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� l2Gw� �h2

2m
� 1
2

@2 ln
ffiffiffiffiffiffiffiffiffi
detg

p
@ðx0Þ2

" #
� 1
4

@ ln
ffiffiffiffiffiffiffiffiffi
detg

p
@x0


 �20
@

1
AGw

� �h2

2m
ðDMðx0ÞwÞGþmx0x2ðx0Þ2Gwþmx2

2

2
ðx0Þ2Gw

þ gintG
3jwj2w ¼ 0: (42)

Here, note that W does not appear in the denominator anymore.
Thus, the above equation is valid for all x0 where the Gaussian normal
coordinate system is well defined, that is, for�R=2 < x0 < R=2.

Moreover, observe that Eqs. (30) and (36) exactly vanish. This
can be verified by checking these equations with Ansatz (34).

Reminding that mx0 ¼ �h=r20 and using Eq. (12), the above
expression (42) takes the form

� l2Gw� �h2

8m
j1

1þ j1x0
� j2
1þ j2x0

� �2

Gw� �h2

2m
ðDMðx0ÞwÞG

þ �hx2

r20
ðx0Þ2Gwþmx2

2

2
ðx0Þ2Gwþ gintG

3jwj2w ¼ 0: (43)

To further evaluate this expression, we would need to compute
higher orders of the ansatz W, taking into account the terms S2, S3,
and so on. However, we decided to only consider terms until order
Oð1Þ. Thus, we can neglect Sn, for n � 2, and need to find an approxi-
mate solution for wðx0; x1; x2Þ. To do that, remember that we assume
r0 � R, meaning that the function Gðx0Þ is extremely sharp. This
means that the value of wðx0; x1; x2Þ is relevant only for small values
of x0, which is where wðx0; x1; x2Þ ’ /ðx1; x2Þ. Motivated by this rea-
soning, we will make a dimensional reduction, which allows us to
define a two-dimensional Gross–Pitaevski (2DGP) equation for the
two-dimensional wave function /ðx1; x2Þ.

A second reason for choosing to perform a dimensional reduc-
tion is that, differently from the previous steps, where we computed
the terms of orders Oð½r0=R��2Þ and Oð½r0=R��1Þ, we now have to
consider the nonlinear term gintG

3jwj2w. In the previous steps, we fac-
torized the term Gðx0Þ and played with polynomials, where we could
clearly identify the orders of magnitude in r0=R for all terms, consider-
ing that Oðx0=RÞ ¼ Oðr0=RÞ. Now, it is not clear how to evaluate the
orders of magnitude with the functions Gðx0Þ and G3ðx0Þ, since we
cannot factorize these terms anymore. With the dimensional reduction
method, we will recover the transparency on the orders of magnitude.

V. DIMENSIONAL REDUCTION

In Sec. IV, we derived an approximate Anzats for the wave func-
tion of a gas on a surface M with the confinement potential given in
(15)–(17). The wave function is given in expression (41), where the
Gaussian wave function G is found in expression (32), and the term

wðx0; x1; x2Þ ¼ /ðx1; x2Þ= ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1þ j1x0Þð1þ j2x0Þ
p

must satisfy Eq.
(43) up to order Oð1Þ. In this section, we are going to perform a
dimensional reduction on Eq. (43), leading to a 2DGP equation that is
satisfied by the two-dimensional wave function /ðx1; x2Þ.

In this procedure, we multiply Eq. (43) by the functionffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1þ j1x0Þð1þ j2x0Þ
p

G and integrate it only with respect to the x0

variable on the limit r0 ! 0. The reasons for the multiplicative terms
are computational convenience and for guaranteeing well-defined inte-
grals in the limit of a thin shell, which are thoroughly explained in the

following. Readers who prefer to skip the technical details of this sec-
tion may consider simply Eqs. (46) and (53)–(55).

To derive the dimensional reduction of Eq. (43), observe that
its left side vanishes up to order Oð1Þ. We can multiply this equation
by any function that admits a Taylor expansion of the type
1þPnanðx0Þn, with OðanÞ ¼ OðR�nÞ, without altering its leading-

order terms. Note that the expression
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1þ j1x0Þð1þ j2x0Þ

p
features exactly this kind of Taylor expansion. Therefore, for computa-
tional convenience, we multiply Eq. (43) by this expression.

Moreover, it is expected that the integral of the left side of (43)
would vanish, since the integral of zero should remain zero. However,
this is a subtle process in the limit of a thin shell, where x0 ! 1
and r0 ! 0. The Gaussian distribution, which is the square of
the Gaussian wave function, is a well-defined function for finite r0
and it tends to the Dirac delta distribution in the thin shell limit:
limr0!0 G

2ðx0Þ ¼ dðx0Þ. According to the theory of distributions,88

the Dirac delta dðx0Þ is a well-defined mathematical object. The limit
of the following integral can be computed as:

lim
r0!0

ð
N x0¼0f g

f ðx0ÞG2ðx0Þdx0¼
ð
N x0¼0f g

f ðx0Þdðx0Þdx0¼ f ð0Þ; (44)

where the integral is performed on any neighborhood N x0 ¼ 0f g
around x0 ¼ 0 and f ðx0Þ is any well-behaved function on this neigh-
borhood. For simplicity, let us consider that this neighborhood is given
by the interval ½�R=2;R=2�, in which we can guarantee that the
Gaussian normal coordinate system is well defined.

However, note that the limit limr0!0 Gðx0Þ is not a well-defined
mathematical object. As a result, simply integrating the left side of
Eq. (43) with respect to x0 in the limit of a thin shell would not consti-
tute a valid mathematical operation. To perform a proper integration,
we must multiply Eq. (43) by G, and afterwards integrate it with
respect to x0.

This argument can be applied directly to nearly all the terms of
Eq. (43), including the term ð�hx2=r20Þðx0Þ2Gw, even with the depen-
dence of its quotient ðx0Þ2=r20 on r0. Although this may not be imme-
diately evident, the limit below is a well-defined distribution

lim
r0!0

ðx0Þ2
r20

G2ðx0Þ ¼ dðx0Þ
2

(45)

as one can check in Appendix B.
The non-linear term gintG

3jwj2w is the only one we cannot
directly integrate with respect to x0. Multiplying it by G, we obtain the
function G4, which is not a well-defined distribution in the limit of a
thin shell. To be able to deal with this term using the method above
described, we proceed as the following. Rather than treating gint as a
finite valued constant, we treat it as a function of r0 with the condition
that limr0!0 gint ¼ 0. Therefore, let us assume that

gint ¼
ffiffiffiffiffiffi
2p

p
g2D r0; (46)

where g2D is a constant that we refer to as two-dimensional interaction
strength. We can conclude that

gintG
4 ¼ g2D

e
ðx0Þ2

r0=
ffiffi
2

pð Þ2ffiffiffi
p

p
r0=

ffiffiffi
2

p� � ; (47)
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which corresponds to the constant g2D times a Gaussian distribution
with standard deviation r0=

ffiffiffi
2

p
. With this, the limit below becomes

well-defined

lim
r0!0

gintG
4 ¼ g2Ddðx0Þ: (48)

Now, let us follow the dimensional reduction method integrating
Eq. (43) times

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1þ j1x0Þð1þ j2x0Þ
p

Gðx0Þ with respect to the vari-
able x0 in the limit of a thin shell

lim
r0!0

ðR=2
�R=2

dx0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ j1x0Þð1þ j2x0Þ

p
Gðx0Þ

� GP Wðx0; x1; x2Þ
� �

¼ 0:

(49)

Evaluating the term GPðWðx0; x1; x2ÞÞ according to Eq. (43), the
above expression becomes

lim
r0!0

ðR=2
�R=2

dx0� �l2G
2/� �h2

8m
j1

1þ j1x0
� j2
1þ j2x0

� �2

G2/

(

� �h2

2m
ðDMðx0Þ/ÞG2 � �h2

2m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ j1x0Þð1þ j2x0Þ

p
DMðx0Þ ð1þ j1x

0Þð1þ j2x
0Þ

� ��1=2
	 


G2/

� �h2

m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ j1x0Þð1þ j2x0Þ

p
gij

@i ð1þ j1x
0Þð1þ j2x

0Þ� ��1=2
	 


G2 @j/
� �

þ �hx2

r20
ðx0Þ2G2/þmx2

2

2
ðx0Þ2G2/

þ gintG
4j/j2/

ð1þ j1x0Þð1þ j2x0Þ

)
¼ 0; (50)

where we hide the dependence of G on x0 and of /, j1 and j2 on
x1; x2 for simplicity.

Interchanging the limit limr0!0 with the integral as it is done in
Eq. (44), and considering Eqs. (45) and (48), the above expression
becomesðR=2
�R=2

dx0 �l2/� �h2

8m
j1

1þ j1x0
� j2
1þ j2x0

� �2

/

(

� �h2

2m
ðDMðx0Þ/Þ � �h2

2m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ j1x0Þð1þ j2x0Þ

p
DMðx0Þ ð1þ j1x

0Þð1þ j2x
0Þ

� ��1=4
	 


/

� �h2

m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ j1x0Þð1þ j2x0Þ

p
gij

@i ð1þ j1x
0Þð1þ j2x

0Þ� ��1=2
	 


@j/
� �

þ �hx2

2
/þmx2

2

2
ðx0Þ2/þ g2Dj/j2/

ð1þ j1x0Þð1þ j2x0Þ

)
dðx0Þ¼ 0:

(51)

To perform this integral, we can attribute x0 ¼ 0 to all the terms
inside the curly brackets. The only terms where this procedure requires
more caution are those from second and third rows, because we need

to perform the derivatives before replacing the value of x0. One
can check that the contribution of this term vanishes, being enough
to verify that the derivatives @i and @i@j of the term ½ð1þ j1x0Þ
� ð1þ j2x0Þ��1=4 vanish for x0 ¼ 0.

With this, the above integral becomes

�l2/� �h2

8m
j1 � j2ð Þ2/� �h2

2m
DM/þ �hx2

2
/þ g2Dj/j2/ ¼ 0: (52)

Denoting

Vgeomðx1; x2Þ ¼ � �h2

8m
j1ðx1; x2Þ � j2ðx1; x2Þ
� �2

(53)

as the geometric potential and

Vextðx1; x2Þ ¼ �hx2ðx1; x2Þ
2

(54)

as the external potential, we can rewrite Eq. (52) as

�l2 �
�h2

2m
DM þ Vgeom þ Vext þ g2Dj/j2

� �
/ ¼ 0; (55)

where / ¼ /ðx1; x2Þ.
This is a 2DGP equation for the two-dimensional wave-function

/ðx1; x2Þ, where we obtain two effective potentials Vgeomðx1; x2Þ and
Vextðx1; x2Þ. The first potential depends on the curvatures j1ðx1; x2Þ
and j2ðx1; x2Þ of the surface M, while the latter can be any function,
and it depends on the asymmetries of the second term of the confine-
ment frequency x2ðx1; x2Þ.

The geometric potential Vgeom was first developed in the semi-
nal references.2,3 In a previous Ref. 54 of some of us, we also com-
puted this geometric potential, expressed in terms of the determinant
of the metric g0. Moreover, we did not explore further consequences
of this term in that article, since we focused on applying our
methods to a sphere, where the geometric potential vanishes. This
happens because the principal curvatures j1 and j2 are equivalent
on a sphere.

In Secs. VII and VIII, we are going to apply the 2DGP equation
to an ellipsoid and compare the effects generated by the geometric and
external potentials on the ground state.

VI. VI. THOMAS–FERMI APPROXIMATION

In the three-dimensional GP equation, the Thomas–Fermi
approximation must be taken when the interactions gint are strong.
However, we assume that gint are weak. In fact, according to Eq. (46),
we have that gint ! 0 in the limit of a thin shell. Thus, within the
model, we are working on, we cannot use Thomas–Fermi methods to
solve Eq. (20).

On another side, in the 2DGP equation (55), the two-
dimensional interactions are assumed to be the constant value g2D.
Considering this constant to be strong, we can apply the Thomas–
Fermi solution to the 2DGP equation, and the ground state density is
well-approximated by

j/0ðx1; x2Þj2 ¼
1
g2D

l2 �
�hx2ðx1; x2Þ

2

�

þ �h2

8m
j1ðx1; x2Þ � j2ðx1; x2Þ
� �2�

: (56)
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If x2 is a constant, then the ground state is fully defined by the
difference between the mean curvatures. The higher density happens
in the regions of the highest difference of curvatures j1 and j2.

With this, one can conclude that, in the absence of external asym-
metries, geometric properties of the surface M can be directly
observed by measuring the ground state of a Bose-gas confined in this
area.

In Secs. VII and VIII, we will analyze the situation where the sur-
face M is an ellipsoid, which is motivated by the bubble trap
experiments.

VII. ELLIPSOID

Motivated by the current experiments to implement a bubble
trap, we will apply the above formalism for a BEC confined on the sur-
face of a prolate ellipsoid given by the following equation:

x2

a2
þ y2

a2
þ z2

b2
¼ R2; (57)

in Cartesian coordinates, where a and b are dimensionless.
To study the ground state, we need to express the ellipsoid in two

variables x1 and x2. To do that, we first consider the prolate spheroidal
coordinates ðr;u; hÞ to describe the three-dimensional space. It is
given by the transformation

x ¼ ra cos h sinu;

y ¼ ra sin h sinu;
z ¼ rb cosu;

(58)

where r > 0, u 2 ½0; p�, and h 2 ½0; 2pÞ. A constant value of r ¼ R
defines the ellipsoid of Eq. (57). Thus, we can describe the ellipsoid
with the two variables x1 ¼ u and x2 ¼ h.

The mean and Gaussian curvatures for such an ellipsoid are
given by

H ¼ b
2a

2a2 þ ðb2 � a2Þ sin2u
ða2 cos2uþ b2 sin2uÞ3=2

(59)

and

K ¼ b2

ða2 cos2uþ b2 sin2uÞ2 : (60)

Using relation (3), we obtain that ðj1 � j2Þ2 ¼ H2 � K , and
from the above formulas, the geometric potential is given by

Vgeom ¼ � �h2

8mR2

b2ða2 � b2Þ2 sin4u
a2 a2 cos2uþ b2 sin2u
� �3 : (61)

Note that there is no dependence on h, which is expected due
to the symmetry of the ellipsoid. In Fig. 1, we plot the dependence

Fig. 1. Geometric potential on ellipsoids for different values of a and b. Oblate ellipsoid: (a) a ¼ 2 and b ¼ 1; sphere: (b) a ¼ b ¼ 1; prolate ellipsoid: (c) a ¼ 1 and b ¼ 1:5;
(d) a ¼ 1 and b ¼ ffiffiffi

3
p

; (e) a ¼ 1 and b ¼ 2; and (f) a ¼ 1 and b ¼ 3.
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of the geometric potential with respect to u, for different values of
a and b.

For a > b, we have an oblate ellipsoid and the minimum of the
potential is always on u ¼ p=2, that is, on the equator of the ellipsoid.
For a ¼ b, we have the special case of a sphere, where the geometric
potential vanishes, since j1 ¼ j2 everywhere. For b > a, we have a
prolate ellipsoid, and a minimum appears on the equator for
b=a � ffiffiffi

3
p

, and a local maximum for b=a >
ffiffiffi
3

p
. Notably, for any

value of the ratio between a and b, a global maximum appears on the
poles.

Finally, the ground state of the BEC trapped in such an ellipsoid
withx2 ¼ 0 is given by

j/0j2 ¼
1
g2D

l2 þ
�h2

8mR2

b2ða2 � b2Þ2 sin4u
a2ða2 cos2uþ b2 sin2uÞ3

 !
: (62)

Note that the denominator a2 cos2uþ b2 sin2u is always posi-
tive. Since sinu vanishes for u ¼ 0; p, we can directly see that the
points with the lowest density are the poles of the ellipsoid.

Comparing this result with those from the literature we find a dis-
crepancy. The numerical simulations for a BEC confined on a bubble
trap68 and even the experiments with a thermal Bose gas34 show a
higher accumulation of atoms on the poles of the ellipsoid, while our
results show this higher accumulation on the equator. We analyze the
reasons for this difference in Sec. VIII.

VIII. GROUND STATE AND COMPARISON TO THE
BUBBLE TRAP

There is a discrepancy between the ground state evaluated for the
bubble trap and the one we found in Sec. VII. One of the reasons for
this is that the potential in the experiments does not satisfy one of our
hypotheses: the dominant term x0 of the confinement frequency is
not constant. To see this, consider the bubble-trap potential, which
was derived in Refs. 37 and 38

Uðx; y; zÞ ¼ �hMFD

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m
4�hD

ðx2
xx

2 þ x2
yy

2 þ x2
zz

2Þ � 1
� �2

þ X2

D2

s
;

(63)

which is written as Cartesian coordinates ðx; y; zÞ. The parameters D,
X, and m are the detuning of the radio frequency magnetic field, the
Rabi frequency between the hyperfine levels, and the atomic mass,
respectively, while MF labels the highest dressed state. Moreover, it is
assumed that D 	 X.

The minimum of this potential defines an ellipsoid with the
equation

x2
xx

2 þ x2
yy

2 þ x2
zz

2 ¼ 4�hD
m

: (64)

Ifxx ¼ xy , we obtain a symmetric ellipsoid as in Eq. (57). In this
case, we can set

a ¼ 1 ; b ¼ xx

xz
; and R ¼

ffiffiffiffiffiffiffiffiffiffi
4�hD
mx2

x

s
; (65)

and potential (63) can be re-expressed as

Uðx; y; zÞ ¼ �hMFD

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mxx

4�hD
x2

a2
þ y2

a2
þ z2

b2
� R2

� �2

þ X2

D2

s
: (66)

In prolate spheroidal coordinates, it can be written as

UðrÞ ¼ �hMFD

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mxx

4�hD
ðr2 � R2Þ2 þ X2

D2

s
; (67)

which can be Taylor expanded as

UðrÞ ’ �hMFXþMFDmxx

X
ðr � RÞ2 þ � � � : (68)

In Gaussian normal coordinates, potential (63) becomes
approximately

Uðx0;uÞ ’ MF�hXþmx2
0ðuÞ
2

ðx0Þ2 þ � � � ; (69)

where

x2
0ðuÞ ¼

2MFxx

a2b2
D
X
ða2 cos2uþ b2 sin2uÞ: (70)

This expansion is developed in Appendix F.
Remember that D 	 X, thus, we cannot apply the dimensional

reduction developed in Secs. III, IV, and V to this kind of potential,
since one of our hypotheses is that x0 is constant. Note that this is not
a specific restriction of our dimensional reduction method. In fact, it is
not possible to define a two-dimensional wave function in the limit of
a thin surface for this potential (63), except for spheres and small
deformations on a sphere,55 where there is only an infinitesimal differ-
ence between the parameters a and b.

Here, we work with an ellipsoid chosen in advance, with a
finite difference between the parameters a and b. For this kind of
surface, it is not possible to perform a well-defined dimensional
reduction considering bubble trap potential (63). Even though, we
still can use our methods to find some comparison. Motivated by
the formula of Eq. (70), we will consider instead the following
confinement:

Uðx0;uÞ ¼ m x0 þ x2ðuÞ½ �2
2

ðx0Þ2 (71)

withx0 defined as in Sec. III, and

x2ðuÞ ¼ b
�h

4mR2
ða2 cos2uþ b2 sin2uÞ; (72)

where b is a dimensionless constant, with OðbÞ ¼ Oð1Þ. Thus, we
also have that O ½x2ðuÞ=xR� ¼ Oð1Þ for all u 2 ½0; p�, satisfying the
conditions of the method developed in Secs. III, IV, and V.

We can then apply the 2DGP equation for this kind of confine-
ment. The ground state from the Thomas–Fermi solution becomes
then

j/0j2 ¼
1
g2D

 
l2 � b

�h2

8mR2
ða2 cos2uþ b2 sin2uÞ

þ �h2

8mR2

b2ða2 � b2Þ2 sin4u
a2ða2 cos2uþ b2 sin2uÞ3

!
(73)
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We plot the atom density in Fig. 2 for b ¼ 0, 0.2, 0.5, and 1, con-
sidering a ¼ 1 and b ¼ 2. For b ¼ 0, we find a higher accumulation
of atoms on the equator, that is, at u ¼ p=2, while for b ¼ 0:5 and
b ¼ 1, we observe a higher accumulation of atoms on the poles, that
is, at u ¼ 0 and u ¼ p. For b ¼ 0:2, we have an intermediate situa-
tion, where the equator and poles both show a higher accumulation in
comparison with complementary regions.

To gain a better notion of these differences, we compute the num-
ber of atoms on a strip along the equator of angle Du, as illustrated in
Fig. 3. More precisely, we compute

NDu ¼
ð2p
0

ðp�Du
2

p�Du
2

j/0ðuÞj2dA; (74)

where h ranges from 0 to 2p, u ranges from ðp� DuÞ=2 to

ðpþ DuÞ=2, and dA ¼ R2a sinu
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 cos2uþ b2 sin2u

p
dhdu is the

area element.

We plot this atom number in Fig. 4(a) for the different values of
b that we have already considered, where N ¼ 1000 is the total atom
number. The differences of the atom number in a strip between the
uniform case, where b ¼ 0, and b0, for b0 ¼ 0:1, b0 ¼ 0:5 and b0 ¼ 1,
is plotted in Fig. 4(b). We see that the biggest differences happen for
Du around p=6 in all three cases, and that they can reach an amount
of hundreds of atoms. This shows that the difference in the atom
number for different confinements is eligible to be experimentally
measured.

IX. DISCUSSION

As we have shown in Sec. VIII, it is not possible to implement a
uniform two-dimensional confinement with bubble-trap potential
(63), since its asymmetry diverges in the thin limit confinement. On
the one hand, without a significant modification to the current techni-
ques to realize a bubble trap, it would be quite challenging to observe
the geometric properties of the ground state of a gas confined to the
surface of an ellipsoid. On the other hand, these asymmetries could be
quite useful for different purposes. For instance, in Ref. 53, the asym-
metries are conveniently employed in the realization of a Bose gas on
an oblate ellipsoid in a terrestrial laboratory. These asymmetries lead

Fig. 3. Strip on an ellipsoid, being defined by u 2 ½ðp� DuÞ=2; ðpþ DuÞ=2�
and h 2 ½0; 2pÞ.

Fig. 2. Profile of the gas density on the ellipsoid surface for different values of b.

Fig. 4. (a) Number of atoms for different values of b in the interval Du. (b) Difference on the atom number between b ¼ 0 and b0 in the interval Du, for different values of b0 .
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to an effective potential on a quasi 2D bubble and are strong enough to
partially compensate the gravitational sag effect.

However, a conceptual understanding of geometric effects in a
bubble trap is still lacking. For instance, Ref. 52 mentions possible
effects of curvature on an ellipsoid, stating that the curvature can lead
to local confinement of atoms near the higher curvature regions. Even
though this statement is not strictly incorrect, it deserves caution.

According to the analysis we performed here, for an oblate ellip-
soid, geometric effects indeed lead to a higher accumulation in the
region of higher Gaussian curvature, which is the equator. This can be
checked considering Eq. (62), with a > b, or simply noticing Fig. 1(a).
This coincidence happens in this particular case because the region of
higher curvature is the same as the region of higher difference between
the principal curvatures.

However, for a prolate ellipsoid, which is the case we focused on
in this paper, we have the opposite behavior. The regions of higher
Gaussian curvature are the poles, while the region of higher atomic
accumulation due to geometric effects is the equator. This contrasts
with the inference mentioned above from Ref. 52.

We recall that the word curvature is generally used to denote the
Gaussian curvature, introduced in Eq. (2), which can also be referred
to as intrinsic curvature. This curvature receives considerably more
attention than the mean and principal curvatures, introduced in Eqs.
(1) and (3), which can also be referred to as extrinsic curvatures. The
reason for this is that, as a consequence of the Gauss’ Egregium
Theorem,82 the Gaussian curvature is an intrinsic two-dimensional
geometric property of a surface.

For instance, one can consider only the inner angles of a local tri-
angle to compute the Gaussian curvature at a point. In particular, if
their sum is equal to p, then the Gaussian curvature vanishes and the
surface is locally flat at that point. If their sum is larger than p, then the
curvature is positive, and if it is smaller than p, the curvature is nega-
tive. In contrast, calculating the principal andmean curvatures requires
taking into account the three-dimensional space in which the surface
is embedded. For instance, one must examine how the normal vector
to a surface varies along a path on this same surface. By analyzing the
variation of normal vectors, we are inherently accessing three-
dimensional properties of the Euclidean space.

We observe that the geometric potential in Eq. (53) depends on
the principal curvatures, and consequently, the ground state (56) also
depends on them. The effects found here are understood as geometric
effects of a surface, which is a two-dimensional manifold embedded in
a three-dimensional space. Although it is correct to interpret the gas as
occupying a two-dimensional region in the limit of a thin shell, where
r0 ! 1, it still exhibits properties of a system that resides in a three-
dimensional space.

X. CONCLUSIONS

In this paper, we unravel the geometric meaning of the ground
state of a BEC confined on a surface. To do that, we compute the
ground state using a perturbative expansion to the first orders of mag-
nitude of the width of the surface, followed by dimensional reduction
techniques. While one can find a term in the expression of the ground
state density that appears exclusively due to the curvatures of the sur-
face, there is also another term that does not depend directly on the
geometry, but on the asymmetries of confinement. These asymmetries
depend on the engineering used to create the confinement potential
and might indirectly depend on the geometry due to technical reasons.

In particular, we show that the accumulation of atoms on the poles
of a bubble trap happens to be exactly the latter case. It depends on the
experimental techniques used and not on the geometrical properties of
an ellipsoid. Instead, we show that if these technical asymmetries were
eliminated or at least made weaker, it would be possible to observe an
accumulation of atoms on the equator of an ellipsoid. This latter accumu-
lation happens exclusively due to the geometric properties of this surface.

The methods used in this paper for deriving the 2DGP equation
are elementary, being necessary only differential and integral calculus
and basic knowledge of the Dirac delta function distribution. While
Ref. 54 considers the minimization principles for Action and Energy,
here we only need to assume that the GP equation holds.

For solving the 2DGP equation, we used the Thomas–Fermi
approximation, which suits well for our model, since the two-
dimensional interactions g2D ¼ gint= 2

ffiffiffi
2

p
r0

� �
are strong for small r0.

Remember that our results are valid in the regime where the thickness
of the cloud gas around the surface is much smaller than its dimen-
sions, which is formally expressed as r0 � R. To achieve our main
results, we consider the limit r0=R ! 0 and focused on the conceptual
geometrical aspects. However, for experimental implementations, it
would be valuable to numerically solve the three-dimensional GP
equation for different ratios of r0=R. This would help assess the limita-
tions of our approximations under realistic experimental conditions.

Our findings also open several promising avenues in theoretical
research. A key contribution of the 2DGP equation presented here is the
decomposition of the effective potential into two distinct components:
the geometric potential and the external potential. A similar decomposi-
tion has been developed to gases confined in one dimension, with vari-
ous applications already explored.32,89 Our formulation now enables the
extension of these insights to systems confined in two dimensions.

Another promising direction involves examining the role of the
Laplace–Beltrami operator, DM, in both the ground state and the
dynamics of a Bose–Einstein condensate (BEC) uniformly confined on
an ellipsoidal surface. For ellipsoids with small deformations (i.e.,
when a ’ b), it may be possible to adapt the analytical techniques
developed in recent work80 to effectively handle this operator. Finally,
further interesting applications of our results can be explored by con-
sidering different geometries, such as cylindrical and toroidal
shapes,79,89,90 or even adapting them to deal with non-orientable surfa-
ces, like a M€obius strip.91
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APPENDIX A: JUSTIFICATION FOR THE TERM l1 = 0

In the main text, we obtained Eq. (36), which can be re-
expressed as

@S1
@x0

¼
@ ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðdetgÞ�1=2

q
@x0

þ l1mr20
�h2x0

: (A1)

Integrating on x0, we obtain

S1 ¼ ln
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðdetgÞ�1=2

q
þ l1mr20

�h2
ln jx0j þ S1ðx1; x2Þ; (A2)

where S1ðx1; x2Þ is a parameter that is constant with respect to x0.
Remember that ln jx0j diverges for x0 ! 0, which means that the
factor S1 would diverge on the surface. Since this solution has no
physical meaning, we must set l1 ¼ 0.

APPENDIX B: GAUSSIAN DISTRIBUTIONS AND DIRAC
DELTA FUNCTION

Here, we express well-known integrals of a Gaussian distribu-
tion, which is the square of the Gaussian wave-function (32), and of
this Gaussian distribution times a polynomial.92 We use it to derive
Eq. (45) of the main text.

Indeed, one can show thatð1
�1

G2ðx0Þdx0 ¼ 1: (B1)

Moreover, for a natural even number n, we have thatð1
�1

ðx0ÞnG2ðx0Þdx0 ¼ ðn� 1Þ!! r
n
0

2n=2
; (B2)

while for n odd, we have thatð1
�1

ðx0ÞnG2ðx0Þdx0 ¼ 0: (B3)

The integration limit in the above equations ranges from �1
to 1, while in the main text, the integrations were evaluated from

�R=2 to R=2. Since we are considering r0 � R, we have approxi-
mately that92ðR=2

�R=2
ðx0ÞnG2ðx0Þdx0 ¼ ðn� 1Þ!! r

n
0

2n=2
þ Oðe�R=r0Þ (B4)

for n even, andðR=2
�R=2

ðx0ÞnG2ðx0Þdx0 ¼ 0þ Oðe�R=r0Þ (B5)

for n odd.
Now we are going to show that Eq. (45) is indeed valid. Let

deðx0Þ be a family of integrable functions. We say that

lim
e!0

deðx0Þ ¼ dðx0Þ; (B6)

where dðx0Þ is the Dirac delta, if and only if

lim
e!0

ð
N x0¼0f g

f ðx0Þdeðx0Þdx0 ¼ f ð0Þ (B7)

for all well-behaved functions f ðx0Þ, where N x0 ¼ 0f g is a
neighborhood around x0 ¼ 0. As in the main text, for simplicity,
we consider that N x0 ¼ 0f g ¼ ½�R=2;R=2�. Remember that the
Dirac delta is not a function, and that limit (B6) is not rigorously
a limit, but a convention of notation. With this convention, let us
show that limr0!0½ðx0Þ2=r20�G2 ¼ dðx0Þ=2, i.e., that Eq. (45)
holds.

Considering the Taylor expansion of a well-behaved function
f ðx0Þ around x0 ¼ 0, we can write thatðR=2
�R=2

f ðx0Þ ðx
0Þ2
r20

G2ðx0Þ ¼
X1
n¼0

f ðnÞð0Þ
n! r20

ðR=2
�R=2

ðx0Þnþ2G2ðx0Þdx0: (B8)

From Eqs. (B4) and (B5), it becomes

¼
X
neven

ðnþ 1Þ!!
n! 2ðnþ2Þ=2 f

ðnÞð0Þrn0 þ Oðe�R=r0Þ

¼ f ð0Þ
2

þ 3
8
f 00ðx0Þr20 þ � � � (B9)

From the above equation, we can see that its limit when r0 ! 0
is equal to f ð0Þ=2. With this result and the definition (B6) and (B7),
we guarantee the validity of Eq. (45).

APPENDIX C: JUSTIFICATION FOR THE VANISHING OF
S2-INVOLVED TERMS AFTER INTEGRATION

In Sec. IV, we mentioned that the terms associated with S2 van-
ish within the range we are considering. In this appendix, we pro-
vide the calculations supporting this assertion. However, for a
clearer understanding, we recommend reading this appendix after
completing Sec. V.

The terms that would appear in the GP equation (27) associ-
ated with S2 that are of order Oð1Þ, are

� �h
2m

ð2S00S02 þ S002Þ: (C1)
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This is because, according to the hypotheses imposed to the
Ansatz (23), we have that OðS00S02Þ ¼ Oð½r0=R��1 � ½r0=R�Þ ¼ Oð1Þ
and OðS002Þ ¼ Oð1Þ.

Following the methods performed in Secs. IV and V, we need
to show that

lim
r0!0

ðR=2
�R=2

ð2S0S02 þ S002ÞG2dx0 ¼ 0: (C2)

From Eq. (33), we have that

2S0S
0
2 þ S002 ¼ � 2x0S02

r20
þ S002 : (C3)

Let us consider that S2 can be Taylor expanded around x0 ¼ 0.
With this, we have that S2 is a sum of terms involving ðx0Þn, n 2 N.
If we show that

lim
r0!0

ðR=2
�R=2

� 2x0

r20
ð x0½ �nÞ0 þ ð x0½ �nÞ00

 !
G2dx0 ¼ 0; (C4)

then we guarantee that Eq. (C2) holds. Evaluating the above expres-
sion, we have that

lim
r0!0

ðR=2
�R=2

� 2nðx0Þn
r20

þ nðn� 1Þðx0Þn�2

 !
G2dx0: (C5)

From Eq. (B4), we evaluate that the above becomes
approximately

lim
r0!0

� 2nðn� 1Þ!!rn0
2n=2r20

þ nðn� 1Þðn� 3Þ!!rn�2
0

2ðn�2Þ=2

 !
; (C6)

and we can directly check that the terms inside the parentheses van-
ish, as we would like to show.

With this, we conclude that the terms that appear in the three-
dimensional GP equation that are associated with S2, vanish in the
2DGP equation up to order Oð1Þ.

APPENDIX D: THE GAUSSIAN NORMAL COORDINATE
SYSTEM FOR A PROLATE ELLIPSOID

In this appendix, we show how to transform between the
Cartesian, prolate spheroidal, and Gaussian normal coordinate sys-
tems, with the surface M being the prolate ellipsoid defined in Eq.
(57).

To work on these formulas, we initially express a generic point
q and the point p on the ellipsoid, which is the closest one to q on
this surface. Due to the symmetry of the prolate ellipsoid, we have
that the angle h in prolate spheroidal coordinates (58) for both p
and q is the same. Without loss of generality, we can consider that
h ¼ 0 (equivalently, y ¼ 0) and work only on the plane defined by
this constraint (equivalently, plane x � z). Figure 5 illustrates this
ellipse, which is the intersection of the original ellipsoid and the
plane x � z, together to and the points p and q.

For the point p, in the modified spherical coordinates we have
r ¼ R and in the Gaussian normal coordinates we have x0 ¼ 0.

With that said, denote the Cartesian coordinates of p and q as
ðxp; zpÞ and ðx; zÞ, the modified spherical coordinates as ðR;uÞ and
ðr;uÞ, and the Gaussian normal coordinate system as ð0;uÞ and
ðx0;uÞ, respectively. Note that in the Gaussian normal coordinate
system, we are choosing x2 ¼ h, see Fig. 5 for an illustration of these
coordinates. For simplicity, we are hiding the third coordinate in all
the cases, that is, we will omit y, h, and x2. Due the above discussion,
we were free to set conveniently the values of y and h, and the same
argument holds to x2.

From the definition of the Gaussian normal coordinate system,
we have the relation

q ¼ pþ x0n; (D1)

where n is the normal vector to the ellipsoid at the point p. This
expression can be visualized in Fig. 5.

Note that we can express the variables from different coordi-
nate systems as

xp ¼ Ra sinu x ¼ ra sinu;

zp ¼ Rb cosu z ¼ rb cosu:
(D2)

The normal vector n ¼ ðnx; nyÞ can be computed as the
following. It is orthogonal to the tangent vector @p=@u to p. Using
the above equation, we can compute that
@p=@u ¼ ðRa cosu;�Rb sinuÞ. From the relation n � @p=@u ¼ 0,
we obtain that

n ¼ ðb sinu; a cosuÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 cos2uþ b2 sin2u

p ¼ ðb2xp; a2zpÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a4z2p þ b4x2p

q : (D3)

Expressing p, q, and n in Cartesian coordinates, relation (D1)
becomes

ðx; zÞ ¼ ðxp; zpÞ þ x0
ðb2xp; a2zpÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a4z2p þ b4x2p

q : (D4)

Using relations (D2), we obtain

ðra sinu; rb cosuÞ ¼ ðRa sinu;Rb cosuÞ

þ x0
ðb sinu; a cosuÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 cos2uþ b2 sin2u

p : (D5)

We divide the first component of the above vector by a and
the second one by b. Summing up the squared of these two terms
yields to

r2 ¼ R2 þ 2x0R
ab

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 cos2uþ b2 sin2u

p

þ ðx0Þ2
a2b2

a4 cos2uþ b4 sin2u
a2 cos2uþ b2 sin2u

: (D6)

From the two above Eqs. (D5) and (D6), we obtain r and u
from x0 and u. That is, once one knows the coordinates of a point
in the Gaussian normal coordinate system, one can obtain its coor-
dinates in the prolate spheroidal coordinate system. From Eqs.
(D2), one can then obtain the coordinates of this point in the
Cartesian coordinate system.
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Now, to obtain the coordinates of a point once one knows it in
the Cartesian, or prolate spheroidal coordinate systems, it is neces-
sary to invert these equations. From the Cartesian to the prolate
spheroidal coordinate system, we have that

r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2

a2
þ z2

b2

r
; (D7)

and u must satisfy

cosu ¼ x
ar

and sinu ¼ z
br

: (D8)

Now, to obtain the coordinates in the Gaussian normal coordi-
nate system, we can proceed as the following. From Eq. (D5), we
can re-express

x0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 cos2uþ b2 sin2u

p ðra sinu � Ra sinuÞ
b sinu

(D9)

and

x0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 cos2uþ b2 sin2u

p ðrb cosu � Rb cosuÞ
a cosu

: (D10)

Comparing these two equations, we find that

b cosu
a cosu

þ R
r

a
b
� b
a

� �
¼ a sinu

b sinu
: (D11)

By squaring this equation and replacing sin2u by 1� cos2u,
we obtain cosu as one of the roots of the fourth-degree polynomial

b4 cos2u � 2Rb2

r
ðb2 � a2Þ cosu cosu

þ R2ðb2 � a2Þ2
r2

� b4 cos2u þ a4 sin2u
� �� �

cos2u

þ 2Rb2

r
ðb2 � a2Þ cosu cos3u� R2ðb2 � a2Þ2

r2
cos4u ¼ 0: (D12)

The solution for cosu as one of the roots of the above polyno-
mial is a function of the ellipsoid parameters a, b, and R, and of the
prolate spheroidal coordinates r and u. For instance, for r ¼ 1,
a ¼ 1, b ¼ 1:5, only two of the four roots are real numbers. One of
them corresponds to the parameters of the closest point and the
other to the furthest one. One can use Eq. (D9) to determine x0 and
choose the smallest value, and from this, determine the correspon-
dent u.

Note, however, that x0 is the distance from a point to the ellip-
soid. With this in mind, one can have a better visualization of the

Fig. 5. Cartesian, prolate spheroidal and Gaussian normal coordinate systems represented on the plane with constant h for the points q and p. The point p lies on a prolate
ellipsoid and is the nearest point on this surface to the point q.
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ellipsoid’s properties in this coordinate system than one would
obtain by looking at the method we above described.

APPENDIX E: THE UNIFORM CONFINEMENT
POTENTIAL

A uniform confinement has a very simple expression in the
Gaussian normal coordinate system, given by

V ¼ mx2

2
ðx0Þ2; (E1)

which correspond to Eq. (15) for x2 ¼ 0.
However, it is not so simple to be expressed in the prolate

spheroidal and in the Cartesian coordinate systems. In these coor-
dinates, the variable x0 is expressed as a function of r and u, and
of x and z, respectively. However, to explicitly write this depen-
dence, one must solve the fourth-degree polynomial (D12) and fol-
low the procedure explained in Appendix D. The roots of a
fourth-degree polynomial exist, their expressions are analytic and
are easily solvable via numeric methods. However, the resulting
expressions are lengthy and impractical for manual manipulation.
Because of this complexity, in this paper, we restrict the explicit
expression of the uniform confinement potential to the above
expression (E1).

APPENDIX F: THE BUBBLE TRAP POTENTIAL
EXPRESSED IN THE GAUSSIAN NORMAL COORDINATE
SYSTEM

The confinement potential of a bubble trap is given in Eqs.
(66) and (67) in the Cartesian and prolate spheroidal coordinate
systems, respectively, and, approximately, in Eqs. (68) and (69) in
the Gaussian normal coordinate system.

This expression in Cartesian coordinates is obtained in the lit-
erature, and the one in prolate spheroidal coordinate was obtained
with algebraic manipulation in the main text. However, obtaining
the bubble trap potential in the Gaussian normal coordinate system
is more elaborated, being necessary to solve the fourth degree poly-
nomial (D12) for an analytic expression. Thus, we simply obtained
an approximation of this potential in these coordinates. To do that,
we perform a Taylor expansion of equations around x0 ¼ 0 on
Eq. (D6)

r’Rþ x0

ab

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 cos2uþb2 sin2u

p

þ ðx0Þ2
2Ra2b2

a4 sin2uþb4 cos2u
a2 sin2uþb2 cos2u

�ða2 sin2uþb2 cos2uÞ
� �

þ��� :
(F1)

Then, we can approximate

ðr � RÞ2 ’ a2 cos2uþ b2 sin2u
� �

ab
ðx0Þ2 þ � � � : (F2)

Inserting this expression into Eq. (68), we obtain (69) and (70),
which is the bubble trap potential expressed in the Gaussian normal
coordinate system.
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