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Graphene-based van der Waals heterostructures take advantage of tailoring spin-orbit coupling (SOC) in
the graphene layer by the proximity effect. At long wavelength—saddled by the electronic states near the
Dirac points—the proximitized features can be effectively modeled by the Hamiltonian involving novel
SOC terms and allow for an admixture of the tangential and radial spin-textures—by the so-called Rashba
angle θR. Taking such effective models we perform realistic large-scale magnetotransport calculations—
transverse magnetic focusing and Dyakonov-Perel spin relaxation—and show that there are unique
qualitative and quantitative features allowing for an unbiased experimental disentanglement of the
conventional Rashba SOC from its novel radial counterpart, called here the radial Rashba SOC. Along with
that, we propose a scheme for a direct estimation of the Rashba angle by exploring the magneto response
symmetries when swapping an in-plane magnetic field. To complete the story, we analyze the magneto-
transport and spin-relaxation signatures in the presence of an emergent Dresselhaus SOC and also provide
some generic ramifications about possible scenarios of the radial superconducting diode effect.
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Graphene-based van der Waals heterostructures provide
an ideal platform for exploring various physical phenomena
[1–5] that are intertwining single-particle and many-body
properties, including magnetic, ferro-electric, topological,
and even superconducting states of matter [6–12]. A key
ingredient for mediating many of these features is spin-
orbit coupling (SOC). Although the latter is small in
pristine graphene [13,14], it can be substantially enhanced
by proximity effects of either adatoms or other layers [15–
37]. The strong SOC can be achieved by proximitizing
graphene with transition metal dichalcogenides. A further
interplay of twisting, stacking and of long supercell
periodicities allows one to engineer and tune the strengths
of valley-Zeeman (VZ) and Rashba SOC [21,25,38–46].
The new kid on the block is a possibility to engender the

Rashba SOC with a radial component. As shown in [47],
there are very specific twist angles allowing for pure radial
Rashba (RR) SOC. However, in general, the resulting spin
texture admixes both [9,48,49], the tangential and radial
components, quantified by a Rashba angle θR, and as such
it gives rise to a tilted spin-momentum locking triggering,
for example, unconventional spin-to-charge conversion

[43,44,48]. These novel spin textures are going beyond
the ordinary SOC classification based on a reduction of just
the graphene-point group symmetries [27]. Indeed, the
long-wavelength electronic states with momenta near the
valley centers experience a much more complex interaction
landscape and the inherent supercell symmetries differ from
ordinary graphene allowing for more complex SOC
Hamiltonians [40,41].
This Letter has three primary goals: (i) to identify robust

magnetotransport signatures allowing for experimentally
unique discrimination between the conventional Rashba
(CR) and RR SOC, and also for the determination of their
admixing Rashba angle θR; (ii) in addition to CR and RR,
to explore also the spintronics consequences of the
Dresselhaus SOC [50], even though there are not yet
reported experimental, neither DFT evidences of the
presence of a Dresselhaus term in graphene, nevertheless
the existing rush in the field can not preclude its exposure in
near future; (iii) apart from graphene, to examine also
emergent magnetochiral responses of the superconducting
diode effect (SDE) in a proximitized two-dimensional
electron gas (2DEG) whose spin texture follows RR, CR
(or their admixture), and/or Dresselhaus SOC.
Rationale: Spin textures vs in-plane magnetosym-

metries—Why the spin textures matter for magnetosym-
metry responses can be seen from Figs. 1(a)–1(d), showing
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CR (tangential), RR (radial), typical Dresselhaus, and
Rashba angle canted SOC spin textures without (lighter)
and with (solid) an in-plane magnetic field Bk, exemplified
for a special case of Bk ¼ ðBx; 0; 0Þ. When turning on
Bk ¼ ðBx; By; 0Þ the different SOC textures respond differ-
ently, rendering an additional spin-Zeeman interaction
HZ ¼ gμBs ·Bk, where g and μB are the g factor and the
Bohr magneton, and s ¼ ðsx; sy; szÞ is a vector of the 2 × 2

spin-Pauli matrices. Correspondingly, the initial spin-split
Fermi contours (lighter) shift in different directions—for
the CR SOC the shifts are along n̂C ∝ �ð−By; Bx; 0Þ, i.e.,
perpendicular toBk, for the RR SOC they are shifting along
n̂R ∝ �ðBx; By; 0Þ, i.e., (anti)parallel to Bk, while for the
Dresselhaus SOC the shifts occur along the directions
n̂D ∝ �ðBx;−By; 0Þ. Obviously, for a generic Bk the
different types of SOC define different n̂SOC ¼ n̂C=R=D.
Therefore, when being able to determine a shift direction
n̂SOC one would be able to unambiguously determine the
type of SOC. As clear from Fig. 1, although the Fermi
surfaces shift due to Bk some of their original mirror
symmetries still stay preserved, particularly, the mirror
symmetry with respect to the plane ΣSOC ¼ ΣC=R=D defined
by the corresponding n̂SOC and z vector êz ¼ ð0; 0; 1Þ—
note that ΣSOC stays unaffected when changing the polarity
of Bk.
The knob to explore n̂SOC is to rotate an in-plane

magnetic field and measure some quantity Q—in a
way that does not cause additional shifts of the Fermi

contours—along a fixed transport direction n̂Q. By varying
Bk we vary the Fermi shifts n̂SOC and thus the mirror
symmetry planes ΣSOC of the Fermi contours. Once one
finds ΣSOC such that the mirror of the transport direction n̂Q

is −n̂Q, or, equivalently, that n̂Q gets perpendicular
to n̂SOC, see Fig. 1, the quantity Q will experience a
magnetosymmetric response Qðn̂Q;BkÞ ¼ Qðn̂Q;−BkÞ ¼
Qð−n̂Q;BkÞ with respect to a swap of the in-plane field or
the transport axis. So finding such Bk, and using the above
relations connecting its components with those of n̂C=R=D,
one would be able to determine the type of SOC—CR, RR,
or Dresselhaus SOC—as only one of these three vectors
n̂C=R=D will be (for a generic Bk) perpendicular to n̂Q.
Magnetosymmetry of Q probed along n̂Q⊥n̂SOC is the
robust (topological) feature directly linked to the type of
SOC subjected to Bk. Later, when discussing numerical
simulations, we consider Q to be the second conductance
peak G2nd, spin-relaxation rate τ−1s , and the difference ΔIc
of critical supercurrents, and we fix n̂Q ¼ êx ¼ ð1; 0; 0Þ.
The above discussion assumed a system with the spin

texture imprinted solely due to either CR, RR, or
Dresselhaus SOC, however, the extensions to mixed
SOC cases are straightforward. Let us consider the mixed
case of CR and RR SOCs, for which the spin texture at any
point on the Fermi circle is canted by the Rashba angle θR
as compared to CR SOC spin texture. By rotating such
canted spin texture at any point of the Fermi circle by an in-
plane angle −θR, it will turn to tangential, see Fig. 1(d).

FIG. 1. Left: Schematics of the graphene (2DEG) Fermi contours around the K (Γ) point in the absence (lighter) and presence (solid)
of an in-plane magnetic field Bk ¼ ðBx; 0; 0Þ. The directions n̂C=R=D=θR show how the Fermi contours for different spin textures—(a)
CR, (b) RR, (c) Dresselhaus, and (d) canted Rashba SOC with θR ¼ −37°—shift in the k space rendering the spin-Zeeman energy,
�gμBhsxiBx. Positions of the mirror planes ΣC=R=D=θR specify along which transport direction n̂Q⊥ΣSOC one can expect a
magnetosymmetry Qðn̂Q;BkÞ ¼ Qðn̂Q;−BkÞ ¼ Qð−n̂Q;BkÞ with respect to a swap of Bk or n̂Q. Right: Calculated energy band
structures and spin textures near the Dirac point of the proximitized graphene described by H0 þHSOC, considering (e) HCRþVZ,
(f) HRRþVZ, and (g) HDþVZ, in all three cases with λVZ ¼ 3.5 meV, and separately with λCR ¼ λRR ¼ λD ¼ 6 meV in HCR=RR=D. The
side panels show the spin textures of the spin-split conduction and valence bands—the in-plane black arrows and red-blue color shading
are displaying, respectively, hsx; syi and hszi, with the latter calibrated by the common color bar at the right of panel (g).
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Applying the in-plane field Bk the Fermi contours sub-
jected to such texture will shift along n̂CRðθRÞ ∝
�ðsin θRBx − cos θRBy; sin θRBy þ cos θRBxÞ—which re-
duces at θR ¼ 0 and θR ¼ π=2, respectively, to n̂C and
n̂R. So, in general, measuring Q along n̂Q and varying a
direction of the in-plane field, or generically, an angle
between the transport direction n̂Q and Bk, one can find a
sweet-spot angle φ ¼ ∢ðn̂Q;BkÞ at which Qðn̂Q;BkÞ ¼
Qðn̂Q;−BkÞ and n̂CRðθRÞ⊥n̂Q. This sweet-spot angle is
related to the Rashba angle as θR ¼ −φ, up to modulus of
adding π.
Although the magnetosymmetric response Qðn̂Q;BkÞ ¼

Qðn̂Q;−BkÞ is ubiquitously engendered from the under-
lying spin texture—the concrete Hamiltonians for the
proximitized graphene and 2DEG will be provided
below—there are two comments to be added. First, the
more robust the low-energy band structure and spin texture,
the less vulnerable is the magnetosymmetry of Q from
spectral perturbations that are gaping out the Dirac cones,
causing disorder-induced localization and band structure
reconstruction [51], deforming circular symmetry, bringing
magneto-anisotropies distorting the spin textures, limiting
the number of k points by finite size effects, or percolatively
‘“pinching off” transport channels due to doping inhomo-
geneities, puddles, coarse grains, rough edges, and so on.
As we show later, the magnetosymmetry of proximitized
graphene persists even in the case when the Hamiltonian
admixes along with the CR, RR, and Dresselhaus SOCs
also a nonzero VZ SOC. Second, the measurement of Q
should be done in a way that is not causing additional shifts
of the Fermi contours. Using, for example, a current drive
the corresponding electric field E ¼ En̂Q would shift the
Fermi contour momenta by eEτ=ℏ (with τ being the
transport lifetime) superimposing them with those exerted
byBk, that would require a much refined analysis of getting
the Rashba angle. A particular example would be the
Rashba-Edelstein effect [52], where the detection of Q ¼
“current-induced magnetization originating from the spin
texture” requires an in-plane magnetic field. As both shifts
play a role, but the one due to Bk was omitted in [49], a
factor-of-2 discrepancy in an estimation of θR as compared
to DFT [44] can have such a geometrical origin.
To avoid these complications we propose to use trans-

verse magnetic focusing (TMF) [53–60] and the
Dyakonov-Perel spin relaxation (DPSR) [61–66]. In the
first case, depicted schematically in Fig. 2(a), the Q stands
for the second conductance peak G2nd and n̂Q is given by
the average direction of carrier propagation, which for
cyclotron motion is determined by the edge orientation, the
type of the charge carriers (electron or holes) and the
polarity of the out-of-plane field B⊥ ¼ ð0; 0; BzÞ exerting
the Lorentz force. Although the TMF is widely used to
explore “topology” and spectral (mini)gaps of the Fermi
surface [57,58,60], it is the first conduction peak G1st that

utters to determine such spectral (spin-)splittings. As the
latter can be the same for CR and RR in graphene, see the
band structures in the right panel in Fig. 1, G1st itself is not
capable of distinguishing the different types of Rashba
SOC or their admixture. As we show later by numeri-
cal simulations, G2nd and its magnetosymmetric features
[67], G2ndðn̂Q;BkÞ ¼ G2ndðn̂Q;−BkÞ, are unique in these
regards, so by measuring both, G1st and G2nd, one gets
information about the magnitude and the type of SOC.
In the case of DPSR, shown in Fig. 3(a),Q represents the

spin-relaxation rate τ−1s and n̂Q is given by the gradient of
the nonequilibrium spin accumulation formed between the
spin-injecting and spin-extracting electrodes, as inherent to
nonlocal spin valve geometries [64,68]. As for the non-
magnetic materials the nonequilibrium spin accumulation
does not lead to a spatial imbalance of charges, there are no
additional electric field gradients that would shift the Fermi
contours. Therefore, in this case the magnetosymmetry of
τ−1s ðn̂Q;BkÞ ¼ τ−1s ðn̂Q;−BkÞ should unveil the type of
SOC and also its magnitude. Apart from that, it is of pure
spintronics nature to know how different types of SOC
relax the spin, so in what follows we also quantitatively
compare the CR, RR, and Dresselhaus cases.

FIG. 2. (a) Three terminal TMF setup with schematics of spin-
split skipping orbits and real-space spin textures for RR SOC—
the latter come as 90° rotation of the k-space textures displayed in
Fig. 1(b). (b)–(e) Simulated conductance between the TMF
injector and collector (spaced by 1 μm) as a function of Bz for
hole-doped graphene at energy E ¼ −100 meV, considering the
CR=RR SOC [(b) and (c)], and Dresselhaus SOC [(d) and (e)], all
subtended by a varying in-plane magnetic field—BCR

x , BRR
y , and

BD
x for the upper panels and BCR

y , BRR
x , and BD

y for the lower
panels. As CR and RR Hamiltonians are unitary equivalent, data
in (b) and (c) are showing at once two different SOC cases at two
differently oriented in-plane fields. Colors code different
strengths of Bk. The insets show the dependence of the second
TMF conductance peaks, G2nd, i.e., G at Bz ≈ −0.4 T, on the
strength of the in-plane magnetic fields.
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Model Hamiltonians and their symmetries—The effec-
tive tight-binding description of graphene with spin-prox-
imity engendered physics can be modeled by H ¼ H0þ
HZ þHSOC. Here, H0 ¼ −t

P
hm;ni c

†
ncm represents the

graphene nearest-neighbor Hamiltonian with hopping
t ¼ 3 eV, while HZ ¼ gμBs · B stands for the spin-
Zeeman coupling with the net external magnetic field
B ¼ Bk þ B⊥ ¼ ðBx; By; BzÞ ¼ Bxêx þ Byêy þ Bzêz and
an isotropic g factor for which we use g ¼ 42.5—the
elevated values of g are typical for the confined gra-
phene-based heterostructures with proximity engineered
band splittings [69–71]. Moreover, the out-of-plane com-
ponentB⊥, if present, is additionally coupled in all hopping
terms by means of the Peierls substitution [72]. The SOC
Hamiltonian, HSOC, comprises VZ, CR, RR, and
Dresselhaus SOC terms, which can be, respectively, written
in terms of the creation and annihilation operators c†mσ and
cmσ—acting on electron with spin σ on a lattice site m—as

HVZ ¼ i

3
ffiffiffi
3

p λVZ
X

⟪m;n⟫

X

σ

oðmÞc†nσνn←m½sz�σσcmσ; ð1aÞ

HCR ¼ 2i
3
λCR

X

hm;ni

X

σ;σ0
c†nσ½ðs × ên←mÞ · êz�σσ0cmσ0 ; ð1bÞ

HRR ¼ −
2i
3
λRR

X

hm;ni

X

σ;σ0
c†nσ½s · ên←m�σσ0cmσ0 ; ð1cÞ

HD ¼ 2i
3
λD

X

hm;ni

X

σ;σ0
c†nσ½s� · ên←m�σσ0cmσ0 : ð1dÞ

In Eqs. (1b)–(1d), ên←m stands for the unit vector
pointing from site m to site n, while

P
hm;ni and

P
⟪m;n⟫

denote summations over all pairs of nearest and second-
nearest neighbors.
In the VZ term, Eq. (1a),m ¼ A, B is the sublattice index

of site m and oðAÞ ¼ 1 ¼ −oðBÞ, the sign factor νn←m is
þ1 (−1) whenever the second-nearest hopping from site m
to site n via their common nearest-neighbor forms a
clockwise (counterclockwise) path. The Rashba coupling
constant λCR in Eq. (1b), and λRR in Eq. (1c) can be,
alternatively, parametrized by λCR ¼ λR cos θR and λRR ¼
λR sin θR, where λR > 0 is the magnitude of Rashba coup-
ling and θR the Rashba angle. In Eq. (1d), λD is the Dresse-
lhaus SOC coupling strength, and s� ¼ ðsx; sy; szÞ� ¼
ðsx;−sy; szÞ. Throughout the main text, we use λCR ¼
λRR ¼ λD ¼ 6 meV, close to the recent experiment [46],
while λVZ is either 0 or 3.5 meV, and we vary the
components of Bk ¼ ðBx; ByÞ within ½−3;þ3� T.
The low-energy band structure (centered at the K point

of the hexagonal Brillouin zone) of H0 þHSOC is dis-
played in Figs. 1(e)–1(g) along with the characteristic spin
textures, hsi ¼ ðhsxi; hsyi; hsziÞ, considering for HSOC, in-
dividually, HCRþVZ, HRRþVZ, and HDþVZ Hamiltonians.
As obvious from Figs. 1(e)–1(g), all three cases are
spectrally indistinguishable, while the type of SOC finger-
prints solely by the spin textures. Assuming λRR ¼ λCR it is
straightforward to show that the Hamiltonian H0 þ
HCRþVZ þ gμBs · ðBx; By; BzÞ is unitary equivalent to
H0 þHRRþVZ þ gμBs · ðBy;−Bx; BzÞ when employing
H ↦ UHU† for U consisting of a π=2-spin rotation along
the z axis, eiπ=4sz , and −π=2 corotation of the Bk field [73].
Generalizing the above argument, any magnetoresponses of
graphene with CRþ VZ SOC triggered by a magnetic field
ðBx; By; BzÞ are the same as the magnetoproperties of
graphene with Rashba angle θR þ VZ SOC in the rotated
field ðBx cos θR þ By sin θR; By cos θR − Bx sin θR; BzÞ.
The case of the Dresselhaus SOC is more peculiar as it
requires to change the sign of VZ SOC, namely, assuming
λD ¼ λCR, H0 þHCRþVZ þ gμBs · ðBx; By; BzÞ is antiuni-
tary [74], H ↦ UH�U†, equivalent to H0 þHD−VZ þ
gμBs · ðBy; Bx; BzÞ when employing U consisting of a
−π=2-spin rotation along the z-axis, e−iπ=4sz , and mirroring
the Bk field along the y ¼ x axis.
Numerical results: TMF and DPSR—To corroborate the

three types of SOC with the magnetosymmetry responses
of TMF (G2nd) and DPSR (τ−1s ) when swapping
Bk ↦ −Bk, we performed bench marking large-scale

FIG. 3. (a) Two-terminal spin-valve setup with schematics of
Gaussian-type disorder. (b)–(e) SimulatedDPSR rate as a function
of the Fermi energy E for disordered graphene, considering the
CR=RR [(b) and (c)], and Dresselhaus SOC [(d) and (e)], all
subtended by a varying in-plane magnetic field—BCR

x , BRR
y , and

BD
x for the upper panels andBCR

y ,BRR
x , andBD

y for the lower panels.
As CR andRRHamiltonians are unitary equivalent, data in (b) and
(c) are showing at once two different SOC cases at two differently
oriented in-plane fields. Colors code different strengths of the in-
plane field. The scattering region is a zigzag ribbon with the width
w ¼ 131a and length L ¼ 300a, where a ¼ 2.46 Å is the gra-
phene lattice constant. The insets show thevariation of τ−1s with the
in-plane magnetic fields at E ¼ 100 meV.
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[75–78] magnetotransport simulations. By incorporating
H0 þHZ þHSOC within the transport package Kwant [79]
and by varying the Fermi energy, SOC strengths/types,
disorder, and magnetic field, we explicitly verify the
validity of all of our phenomenological predictions about
Qðn̂Q;BkÞ ¼ Qðn̂Q;−BkÞ for Q ¼ G2nd and τ−1s [panels
(b) and (e) in Figs. 2 and 3], fixing the transport axis n̂Q

along the zigzag êx direction. We explicitly show that
for CR SOC, Qðêx; BxêxÞ ¼ Qðêx;−BxêxÞ, while for RR
and Dresselhaus SOC, Qðêx; ByêyÞ ¼ Qðêx;−ByêyÞ, in
accordance with the above (anti)unitary equivalences
and geometrical reasoning. Moreover, in the case when
CR and RR are mixed via θR, Qðêx;BkÞ ¼ Qðêx;−BkÞ
if ∢ðêx;BkÞ ¼ −θRðþπÞ.
TMF—Figure 2 shows the conductance G as a function

of Bz ∈ ½−0.5; 0� T for a symmetric three-terminal TMF
setup schematically shown in Fig. 2(a), with proximity-
induced CR=RR [panels (b) and (c)] and Dresselhaus
[panels (d) and (e)] SOC. Results are displayed for the
hole-doped graphene at energy E ¼ −100 meV; for cor-
responding figures with λVZ ≠ 0, different values of E, λCR,
λRR, and λD and also disorders, see the Supplemental
Material [80]. The insets in each panel show variations
of the second conductance peak, G2ndðêx;BkÞ, with either
Bk ¼ Bxêx or Byêy displaying the expected magnetosym-
metries correlated with the given type of SOC. In weaker
in-plane fields, jBkj ≲ 1 T, G2nd shows no pronounced
variations, but at higher fields the variations can approach
up to 30% what offers a sizable experimental signal.
DPSR—Figure 3 shows the simulated DPSR rates, τ−1s ,

as functions of the Fermi energy E∈ ½−0.3;þ0.3� eV for a
symmetric two-terminal setup, schematically shown in
Fig. 3(a), considering CR=RR [panels (b) and (c)], and
Dresselhaus [panels (d) and (e)] SOC, in the presence of
nonmagnetic on-site disorder; electrons are injected from
the leads and carry out-of-plane spin polarization. DPSR is
calculated following the methodology developed in
Refs. [91–93] for a nonmagnetic spatially correlated
Gaussian [94] with an effective impurity concentration
η ¼ 0.799%. Insets show τ−1s ðêx;BkÞ at E ¼ 100 meV,
with expected magnetosymmetries [panels (b) and (e)]
correlated with the type of SOC. As a consequence of the
(anti)unitarity, CR and RR SOC, but also Dresselhaus SOC
do not lead to substantially different qualitative spin-
relaxation profiles when varying the Fermi level, neither
to an unusual spin relaxation anisotropy of τ−1s -in-plane vs
τ−1s -out-of-plane spin-relaxation rates.
Radial SDE—Finally, let us offer a short perspective how

engendering exotic RR SOC in a superconducting 2DEG
would manifest in the SDE. Considering the quadratic
2DEG dispersion set by an effective mass m� and Fermi
energy E in the presence of RR SOC, αRRðkxsx þ kysyÞ,
and an additional Zeeman coupling,HZ, due to the in-plane
field Bk, the Fermi contours acquire longitudinal shifts

along Bk; see Fig. 1(b). Turning on the superconducting
correlations the 2DEG will develop the helical phase,
ψRRðrÞ ¼ eiPRR·r=ℏjψ j, with a finite center of mass momen-
tum, PRR ∝ gμBαRRðm�=ℏEÞBk, aligned along Bk. This
opposes the CR case [97–104], αCRðkxsy − kysxÞ, where
the center of mass momentum, PCR, develops in the
direction perpendicular to Bk, i.e., ψCRðrÞ ¼ eiPCR·r=ℏjψ j,
with PCR ∝ gμBαCRðm�=ℏEÞðBk × êzÞ. The immediate
ramifications lead to different magnetochiral responses
of the SDE critical current, IcSDE, see Fig. 4, and of the
Josephson inductance, LJ, on a direction of probing current
j ∝ n̂Q and the in-plane field Bk. So both, IcSDE ¼ Ic0 þ
γIfðj;BkÞ and LJ ¼ LJ0 þ γLfðj;BkÞ, will depend on the
magnetochiral factor fðj;BkÞ that, correspondingly, for RR
or CR SOC equals to j · Bk and j · ðBk × êzÞ [103,105–
108]; the magnetochiral coefficients γI=L encapsulate all
material dependencies accompanying currents and induc-
tances. This unique magnetochiral feature offered by RR
SOC, if possible to realize in a 2DEG, would allow to
unveil unprecedentedly the origin of SDE, particularly, its
SOC or inhomogenous Meissner-screening roots.
Conclusions—Although spectrally the CR, RR, and

Dresselhaus SOC manifest similarly, the underlying wave
functions and spin textures discern when exposed to
in-plane magnetic field. We showed that the emergent
spin-orbit physics can be scrutinized by means of the
magnetotransport symmetries of TMF and DPSR. Even
though we primarily focused on graphene with the prox-
imity engendered SOC, we predict that the superconduct-
ing 2DEG with the induced RR SOC would display a fully
novel radial magnetochiral response that can ultimately
unveil physics behind the SDE, namely, its SOC-prompt or
diamagnetic origins.
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