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In classical computation, a ‘bit’ of information can be flipped
(that is, changed in value from zero to one and vice versa) using a
logical NOT gate; but the quantum analogue of this process is
much more complicated. A quantum bit (qubit) can exist simul-
taneously in a superposition of two logical states with complex
amplitudes, and it is impossible'~ to find a universal transform-
ation that would flip the original superposed state into a per-
pendicular state for all values of the amplitudes. But although
perfect flipping of a qubit prepared in an arbitrary state (a
universal NOT operation) is prohibited by the rules of quantum
mechanics, there exists an optimal approximation® to this pro-
cedure. Here we report the experimental realization of a uni-
versal quantum machine* that performs the best possible
approximation to the universal NOT transformation. The system
adopted was an optical parametric amplifier of entangled photon
states, which also enabled us to investigate universal quantum
cloning.

In order to understand the problem of spin flipping, we consider
the Poincaré sphere, which represents a state space of a qubit. The
points corresponding to | ¥) and | ¥*) are antipodes. The desired
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Figure 1 The state space of a qubit is a Poincaré sphere. Pure states are represented by
points on the sphere, while statistical mixtures are points inside the sphere. The universal
NOT operation corresponds to the inversion of the sphere, because the states | %) and
| &) are antipodes.
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spin-flip operation is therefore the inversion of the Poincaré sphere
(Fig. 1). It is known that this inversion preserves angles. Therefore,
by the arguments of the Wigner theorem the ideal spin-flip
operation must be implemented either by a unitary or by an anti-
unitary operation. Unitary operations correspond to proper
rotations of the Poincaré sphere, whereas anti-unitary operations
correspond to orthogonal transformations with determinant equal
to —1. The spin-flip is an anti-unitary operation—that is, it is not
completely positive. It is exactly this property that makes the spin-
flip operation so important in all criteria of inseparability for two-
qubit systems. On the other hand, from above it follows that in the
unitary world the ideal universal (U) NOT gate, which would flip a
qubit in an arbitrary state, does not exist.

As it is not possible to realize a perfect U-NOT gate which would
flip an arbitrary qubit state, it is necessary to investigate what is the
best approximation to this gate. This investigation illuminates
bounds on information processing imposed by rules of quantum
mechanics. There are two possible approaches. The first is based on
the measurement of input qubit(s). By using the results of an
optimal measurement, one can manufacture an orthogonal qubit,
or any desired number of them. In this case, the ‘fidelity’ (F) of the
NOT operation is equal to the fidelity of estimation of the state of
the input qubit(s). The second approach would be to approximate
an anti-unitary transformation on a Hilbert space of the input
qubit(s) by a unitary transformation on a larger Hilbert space which
describes the input qubit(s) and ancillas®.

The best achievable fidelity of both flipping approaches is the
same™’. That is, the fidelity of the optimal U-NOT gate is equal to
the fidelity of the best state-estimation performed on input qubits’
(one might say, that in order to flip a qubit we have to transform it
into a bit). Even though the fidelity of both processes is the same, the
U-NOT gate has a great advantage. Namely, in the measurement-
based approach the information encoded in a state of a qubit is
irreversibly lost by the measurement process, whereas in the U-NOT
gate the information is only redistributed according to specific
rules, but owing to the unitarity of the gate it can be recovered.

In our experiment (see below, and Methods) we will consider a
flipping of a single qubit. The optimal U-NOT transformation
reads’

U' ‘p>u®|X>bc = (2/3)1/2| ‘p‘I,>ab| ‘pl >c

—(1/3)2|{0, ¥ }),, | 9), (1)

where the gate is always prepared in some state | X);,, independently
of the input state | ¥), and |{¥,¥*}) is a symmetric state of two
orthogonal qubits. To be specific, equation (1) describes a process
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Figure 2 Layout of the apparatus used for the experimental verification of the universality
of the optical parametric amplifier (OPA). Various polarization (w)-states of the injected

pulse were prepared by a wave-plate WP’ (gither A/2 or A/4) inserted on the injection

mode k4. See Methods for details.

815




letters to nature

when the original qubit is encoded in system a while the flipped
qubit is in system c. The density operator describing the output state
of system c is:

oW =1 /3| WX +1/31=2/3| T+ TH|+1/3|9X¥]| (2)

The identity operator 1 in equation (2) reflects the amount of noise
induced by the U-NOT gate. The average fidelity of the universal
NOT gate is F=(¥'|¢°|¥+)=2/3. The discussion above
describes the case of a single input qubit. When generally N qubits
are considered at the input of the U-NOT gate, then the fidelity
depends on the number N of input qubits prepared in the state | ¥).
The larger their number, the larger is the fidelity. Specifically, we
find that the explicit expression for the fidelity of the U-NOT is
F=(N+1)/(N +2), which is exactly the same as the fidelity of the
optimal state estimation®. We see that in the quantum world
governed by unitary operations anti-unitary operations can be
performed with a fidelity which is bounded by the amount of
classical information available about states of quantum systems.

A natural way to encode a qubit into a physical system is to utilize
the polarization states of the photon. In this case, the U-NOT gate
can be realized via stimulated emission. The central idea of our
experiment is based on the proposal that universal quantum
machines* such as the quantum cloner can be realized with the
help of stimulated emission in parametric downconversion®™®.
Specifically, we consider a qubit to be encoded in a polarization
state of a single photon. This photon was injected as the input state
into an optical parametric amplifier (OPA) excited by a pulsed,
mode-locked ultraviolet (UV) laser beam®. The relevant modes of
the nonlinear (NL) three-wave interaction driven by the UV pulse
were the spatial modes with wavevectors k; and k, each supporting
a horizontal (H) and a vertical (V) linear-polarization (w) of the
interacting photons: for example, &, is the horizontal polarization
unit vector associated with k;. The OPA was frequency degenerate:
that is, the interacting photons had the same wavelength
A =795nm. More experimental details are given in Methods.
The action of the OPA under suitable conditions, realized in

our case, is described by the ‘squeezing’ hamiltonian®:
Hin = ihx(dﬁbé,’ - &\t bﬁ) + h.c., where x expresses the nonlinear
susceptibility of the active crystal, and h.c. is the hermitian con-
jugate. Here the field operators d and b are assumed to be acting on
modes k; and k,, respectively. It has been recently shown by
theory”® that H;y, is invariant under simultaneous general SU(2)
transformations of the polarization vectors for modes k; and k,. We
may then cast the expression above in the following form:

ot —4

Hin = ihx(dF bt — dF b +h.c. 3)
where the field labels refer to the two mutually orthogonal polar-
ization unit vectors for each mode, ® and w", corresponding
respectively to the state vectors: | ¥) and | ¥*).

Equation (3) is of central importance in the context of the present
work as the amplification efficiency of this type of OPA under any
externally injected quantum field (consisting, for example, of a
single photon or of a classical ‘coherent’ field) can be made
independent of the polarization state of the field. Indeed, it has
been shown by a recent experiment on ‘universal quantum cloning™
that the OPA ‘gain’ ¢ = xt (where t is time) is independent of any
(unknown) polarization state of the injected field: this precisely
represents the necessary universality (U) property of the U-NOT
gate. We assume that the input photon in the mode k; has a
polarization , a condition expressed by the state vector | ¥), as said.
We will describe this polarization state as 4} [0,0); = |1,0); where
we have used notation introduced in ref. 7: that is, the state |m,1),q
represents a state with m photons of the mode k; having the
polarization =, while 7 photons have the polarization w*. Initially
there are no excitations in the mode k,. The initial polarization state
of these two modes reads |1, 0); ®|0, 0),, and it evolves according to
the unitary operator U = exp(—iHiyt/h) :

U [1,0),®10,0), = [1,0),®10, 0}, +£(2'7[2,0), @10, 1)y,

- |171>k1®|1a0>k2) (4)
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Figure 3 Experimental verification of the universality of the OPA system for different field
polarizations, either linear (IT), circular, or generally elliptical. The plots show the

amplification pulses detected by D% on the OPA output mode, ko, under the injection on
the input mode k4 of attenuated laser coherent pulses. Each plot corresponds to a state of
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definite input polarization =: cos(8/2)[H) + e sin(9/2)|V) (see text for details). The lack
of amplification by detection on the ‘wrong’ polarization channel on mode Ky is shown by
the filled squares.
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This approximation for the state vector describing the two modes
at times ¢ > 0 is sufficient, because the value of g is usually very
small in our experiment (see below): ¢ << 1. The zero-order term
corresponds to the process when the input photon in the mode k;
did not interact in the nonlinear medium, while the second term
describes the first-order amplification process. This second term is
formally equal (up to a normalization factor) to the right-hand side
of equation (2). Here the state |2,0),, describing two photons of the
mode k; in the polarization state ® corresponds to the state | ¥ ¥).
This state vector describes the cloning of the original photon”. The
vector |0,1),, describes the state of the mode k, with a single photon
with the polarization orthogonal to . That is, the output state
vector |¥1)=10,1),, represents the flipped version of the input
[¥) = 11,0},

To see that the stimulated emission is responsible for creation of
the flipped qubit, we compare the state represented by equation (4)
with the output state when the vacuum is injected into the NL crystal.
In this case, to the same order of approximation as above, we obtain:

U10,0),®10, 0¥, = 10,00 ®10, 00 + (11,00 ®10, 1y

=10, 1), ®|1,0),) )

We see that the flipped qubit described by the state vector [0,1)y, in
the right-hand sides of equations (4) and (5) appears with different
amplitudes corresponding to the ratio of the probabilities being
R = 2:1. Our experiment indeed consists of the measurement of R, as
we shall see. Note also that the U-NOT operation is not altered by
multiplying Hj,, by any overall phase factor.

On the ‘microscopic’ quantum level, the justification of this U
property of the OPA amplifier resides in the SU(2) invariance of H
when the spatial orientation of the OPA crystal makes it available for
creation by spontaneous parametric downconversion (SPDC) of
two-photon entangled ‘singlet’ states”®. But we note that in the
present context the universality property (that is, the w-insensitivity
of g) isindeed a ‘macroscopic’ classical feature of the OPA device. So it
can be tested equally well by injection of either a quasi-classical
radiation state (for example, a coherent field), or of a quantum
radiation state (for example, a single-photon Fock state). The test
corresponding to injection of an attenuated coherent field is shown
in Figs 2 and 3. Details of the apparatus (Fig. 2) are given below.

The universality condition is demonstrated by the plots of Fig. 3
showing the amplification pulses detected by D5 on the OPA output
mode k,. Each plot corresponds to a definite state of polarization
(m) of the field injected on mode ky:[cos(6/2)|H)+
¢ sin(6/2)|V)]. The polarization was either linear (that is, § =
/2, ®; ¢ = 0), or circular (that is, 6 = ©/2; ¢ = —x/2), or very
generally elliptical: 6 = 57/18; ¢ = —7/2. We may check that, in

Figure 4 Experimental realization of the U-NOT gate. A single photon, N =1, was
injected with a definite w-state into the NL crystal of the OPA along the mode k4. The =
flipping effect was detected on mode k,. See Methods for detalils.

NATURE | VOL 419 | 24 OCTOBER 2002 | www.nature.com/nature

© 2002 Nature Publishing Group

letters to nature

spite of the different input =-states, the amplification curves are
almost identical. Each coherent pulse injected on the mode k;
was amplified into an average photon number M' = 5 X 10° on
the output mode k.

We now consider the U-NOT gate. By virtue of the tested
universality of the OPA amplification, it is sufficient to consider
here the OPA injection on mode k, by a single photon in just one
w-state; for example, in the horizontal w-state: | ) = |H) (Fig. 4).

From the analysis above, it follows that the state of the field
emitted by the OPA indeed realizes the U-NOT gate operation: that
is, the ‘optimal’ realization of the transformation by flipping of the
original qubit originally encoded in the mode k;. The flipped qubit
at the output is in the mode k,. As shown earlier, the state created by
the U-NOT gate cannot be a pure one. There is a minimal amount of
noise induced by the process of flipping, which is inevitable in order
to preserve complete positiveness of the U-NOT gate. This mixed
state is described by the density operator, equation (2). The
polarization state of the output photon in the mode k, in our
experiment is indeed described by this density operator.

The plots of Fig. 5 report our experimental four-coincidence data
as function of the time superposition of the UV pump and of the
injected single-photon pulses. Our main result consists of the
determination of the ratio R between the height of the central
peak and that of the flat ‘noise’ contribution. To understand this
ratio, we first note that the most efficient stimulation process in the
OPA is achieved when a perfect match is achieved: that is, time and
space overlap between the UV pump pulse and the optical pulse
carrying the input photon. This situation corresponds to the value
of the mirror position Z equal to zero. As soon as the mirror is
displaced from the position Z = 0, the time overlap of the two
interacting optical pulses decreases, and the stimulation becomes
increasingly less efficient—that is, the spin-flip operation is more
noisy. In the limit of large displacements Z, the spin flipping is
totally random owing to the fact that the process corresponds to
injecting the vacuum field into the crystal. The theoretical ratio
between the corresponding probabilities is R = 2, as mentioned
earlier. In the experiment we have found this ratio to be
R =1.70 %= 0.06. This corresponds, by virtue of equations (4) and
(5) above, to a measured value of the fidelity of the U-NOT device:
F=R/(R+1)=0.630 = 0.008, to be compared with the theoreti-

F =0.630 = 0.008 B

4-Coincidence counts in 4,800 s
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Figure 5 Experimental verification of the optimum conditions of the U-NOT gate. The
height of the central peak expresses the rate measured with the w-analyser of mode ko
set to measure the ‘correct’ vertical (V) polarization, that is, the one orthogonal to the (H)
polarization of the input w-state, | %) = |H) of the injected single photon, N'= 1. By
turning by 90° the w-analyser, the amount of the ‘noise’ contribution is represented by a
‘flat’ curve. The noise contribution is provided by the amplification of the unavoidable QED
vacuum field on the input mode K. Filled squares, plots corresponding to the ‘correct’
polarization; open triangles, plots corresponding to the ‘noise’. The solid line represents
the best gaussian fit to the results expressing the ‘correct’ polarization.
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cal value of F=2/3 =0.666. Note that the height of the central
peak in Fig. 5 does not decrease towards zero for large values of Z, as
expected. This effect, due to instrumental imperfections, is dis-
cussed in Methods.

By a different measurement configuration, the apparatus was
adopted to investigate the process of ‘quantum cloning’ ofan N = 1
input qubit into M = 2 output qubits on mode k;. We have
confirmed the results of ref. 9 by attaining a cloning fidelity
F=0.810 = 0.008 (theoretical value, F = 5/6 = 0.833). O

Methods

Basic optical equipment

The main source of all experiments was a Ti:Sa coherent MIRA mode-locked pulsed laser,
providing (by second harmonic generation, SHG) the ‘pump’ field for the quantum-
injected OPA associated with the spatial mode having wavevector k;, and wavelength

Ap = 397.5nm (that is, in the UV range of the spectrum®). The time duration of each UV
pulse was 7 = 140 femtoseconds (fs). The OPA active element, consisting of a 1.5-mm-
thick NL crystal of -barium borate (BBO) cut for type II phase-matching, was able to
generate by SPDC—that is, by amplification of the vacuum field—linear polarization (w)-
entangled pairs of photons. The ‘intrinsic phase’ of the OPA was set so as to generate by
SPDC ‘singlet’ entangled states on the output optical modes, ky, k; (ref. 10). The photons
of each pair were emitted with equal wavelengths A = 795 nm over two spatial modes k,
and k, making an external angle of 8°. In all experiments, the time (#) optical walk-off
effects due to the birefringence of the NL crystal were compensated by inserting in the
modes k; and k, fixed X-cut, 4.8-mm-thick quartz plates (Figs 2 and 4). All adopted
photodetectors (D), but D, were equal SPCM-AQR14 Si-avalanche nonlinear single-
photon units with nearly equal quantum efficiencies ~0.55. One interference filter with
bandwidth AX = 6 nm was placed in front of each detector D. Only the detector D’ (Fig. 2)
was a linear photodiode. Polarizing beam-splitters (PBS) in Figs 2 and 4 are adopted from
measurement devices providing polarization analysis.

Universality test

See Figs 2 and 3. Because the universality (U) of the OPA transformation (that is, the
insensitivity of g to the (unknown) = state of any input photon) is a macroscopic ‘classical’
property of the OPA device, the U-test has been carried out by injection of the strongly
attenuated laser beam, with wavelength A = 795 nm, contributed via a beam splitter by the
main mode-locked source and directed along the OPA injection mode k;. The parametric
amplification, with ¢ = 0.11, was detected at the OPA output mode k, by the linear Si
photodiode SGD100 (DY), filtered by an interference filter with bandwidth AA = 3 nm.
The time superposition in the NL crystal of the ‘pump’ and of the ‘injection’ pulses was
assured by micrometric displacements (Z) of a two-mirror optical ‘trombone’. The pulse
shapes shown by the coincidence data (Figs 3 and 5) as function of Z are indeed the
signature for actual amplification: that is, they arise from the effective time and space
superposition in the NL crystal of the UV ‘pump’ pulse and of the optical pulses with

A = 795nm, injected into the OPA. Relevant, different w-states of the injected field,
formally expressed by the captions of the panels of Fig. 3, were prepared by a single wave-
plate WP/}, corresponding to a suitable optical retardation, equal to A /2 or to A /4, between
the two orthogonal basis w-states, that is, horizontal (H) and vertical (V). The OPA
amplified output w-states were detected by an apparatus inserted on mode k, and
consisting of the set (WP’ 4 w-analyser), the last device being provided by the polarizing
beam splitter PBS).

Realization of the U-NOT gate

See Figs 4 and 5. The UV pump beam, back-reflected by a spherical mirror M, with 100%
reflectivity and micrometrically adjustable-position Z, excited the NL OPA crystal
amplifier in both directions (—k;) and k;, correspondingly oriented towards the right (R)
and the left (L) sides of Fig. 4. An SPDC process excited by the —k;, pump mode created
single photon-pairs with wavelength A = 795 nm in entangled singlet w-states. One
photon of each pair, emitted over —k;, was reflected by a spherical mirror M onto the NL
crystal where it provided the N = 1 quantum injection into the OPA excited by the UV
pump beam associated with the back-reflected mode k. Consider the qubit flipping
related to the OPA injection of a single photon (N = 1) over the mode k; in the state
|¥) = |H). Because of the low pump intensity, the N = 2 photon injection probability has
been evaluated to be ~10~ > smaller than the one for N = 1. The twin photon emitted over
—k,, w-selected by the devices (WP, + PBS,) and detected by D,, provided the ‘trigger’ of
the overall experiment. Because of the EPR non-locality implied by the singlet state, the
w-selection on mode —k, provided the realization on k; of the state | %) = |H) of the
injected photon. The field’s w-state on the output mode k, was analysed by the optical
device combination (WP,* + PBS,*) and measured by D,*. Detectors D,, D}, were
coupled to the field associated with the mode k; via a normal beam splitter, BS. The rate of
the four-coincidences involving all detectors (D,*, Dy, D,, Dy,) was experimentally
measured by an electronic four-coincidence apparatus having a time resolution of 3 ns.
Note that the height of the central peak in Fig. 5 does not decrease towards zero for large
values of |Z|, as expected. This effect is attributable entirely to the limited time resolution
of the four-coincidence apparatus. The effect would disappear if the resolution could be
pushed into the sub-picosecond range, precisely of the order of the time duration of the
interacting pump and injection pulses: 7' =~ 140 fs. Such a resolution is hardly obtainable
with the present technology.
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Ferroelectromagnets are an interesting group of compounds
that complement purely (anti-)ferroelectric or (anti-)ferromag-
netic materials—they display simultaneous electric and magnetic
order'”. With this coexistence they supplement materials in
which magnetization can be induced by an electric field and
electrical polarization by a magnetic field, a property which is
termed the magnetoelectric effect’. Aside from its fundamental
importance, the mutual control of electric and magnetic proper-
ties is of significant interest for applications in magnetic storage
media and ‘spintronics’’. The coupled electric and magnetic
ordering in ferroelectromagnets is accompanied by the for-
mation of domains and domain walls. However, such a cross-
correlation between magnetic and electric domains has so far not
been observed. Here we report spatial maps of coupled antiferro-
magnetic and ferroelectric domains in YMnOj;, obtained by
imaging with optical second harmonic generation. The coupling
originates from an interaction between magnetic and electric
domain walls, which leads to a configuration that is dominated by
the ferroelectromagnetic product of the order parameters.

The ferroelectromagnetic (FEM) manganites RMnO; with
R € {S¢, Y, In, Ho-Lu} are multiple-order-parameter compounds
with four 180° domains denoted by (+B +I), (+P, —1I), (=B +I)
(=P, —1)°. Here, =P is the independent component of the ferro-
electric (FEL) order parameter, a polar vector, which is invariant
under time reversal® and describes the breaking of the inversion
symmetry due to the FEL polarization along the hexagonal z axis
below the Curie temperature T = 570-990 K. On the other hand,
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