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Lagrangian mechanics

Configuration space Q

Generalized coordinates qa

1D time t

Lagrangian L(q, q̇)

Extended configuration space N = Q × R
Extremal action principle S [q(t)] =
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Hamiltonian mechanics

Conjugated momenta pa = ∂L/∂q̇a

Phase space P

Hamiltonian H(q, p) = paq̇
a − L

Extended phase space M = P × R
Hamiltonian action S =

∫
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Phase bundle

Phase bundle π : M → R
History = section σ : R → M

Lagrangian 1-form L = pa ∧ dqa − H ∧ dt

Hamiltonian action S =
∫
σ L

dL = dpa ∧ dqa − dH ∧ dt

Vratko Polák KTFDF FMFI UK BA SK

Multisymplectic Geometry in Classical Field Theory



Outline Introduction Formulations of mechanics Geometry of mechanics Classical fields Geometry of classical fields Summary

Phase bundle

Phase bundle

Phase bundle π : M → R
History = section σ : R → M

Lagrangian 1-form L = pa ∧ dqa − H ∧ dt

Hamiltonian action S =
∫
σ L

dL = dpa ∧ dqa − dH ∧ dt

Vratko Polák KTFDF FMFI UK BA SK

Multisymplectic Geometry in Classical Field Theory



Outline Introduction Formulations of mechanics Geometry of mechanics Classical fields Geometry of classical fields Summary

Phase bundle

Phase bundle

Phase bundle π : M → R
History = section σ : R → M

Lagrangian 1-form L = pa ∧ dqa − H ∧ dt

Hamiltonian action S =
∫
σ L

dL = dpa ∧ dqa − dH ∧ dt

Vratko Polák KTFDF FMFI UK BA SK

Multisymplectic Geometry in Classical Field Theory



Outline Introduction Formulations of mechanics Geometry of mechanics Classical fields Geometry of classical fields Summary

Phase bundle

Phase bundle

Phase bundle π : M → R
History = section σ : R → M

Lagrangian 1-form L = pa ∧ dqa − H ∧ dt

Hamiltonian action S =
∫
σ L

dL = dpa ∧ dqa − dH ∧ dt

Vratko Polák KTFDF FMFI UK BA SK

Multisymplectic Geometry in Classical Field Theory



Outline Introduction Formulations of mechanics Geometry of mechanics Classical fields Geometry of classical fields Summary

Phase bundle

Phase bundle

Phase bundle π : M → R
History = section σ : R → M

Lagrangian 1-form L = pa ∧ dqa − H ∧ dt

Hamiltonian action S =
∫
σ L

dL = dpa ∧ dqa − dH ∧ dt

Vratko Polák KTFDF FMFI UK BA SK

Multisymplectic Geometry in Classical Field Theory



Outline Introduction Formulations of mechanics Geometry of mechanics Classical fields Geometry of classical fields Summary

Equations of motion

Equations of motion

Variation of σ = vertical vector field ξ defined at least on σ

Movement is relative: σ stays, L moves.

LξL = diξL + iξdL

Therefore σ∗(iξdL) = 0

q̇a = ∂H/∂pa

ṗa = −∂H/∂qa
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Phase space

Phase space

Phase space = fibre of phase bundle

dL restricts to ω = dpa ∧ dqa

Observables generate symplectomorphisms iξf
ω = −df

Poisson algebra {f , g} = iξg iξf
ω

Phase space = space of solutions of equations of motion
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Lagrangian formulation

Lagrangian formulation

Configuration space Q

Generalized coordinates qa

nD spacetime xµ

Lagrangian L(q, q,µ)

Extended configuration space N = Q × Rn

Extremal action principle S [q(t)] =
∫

LΩg
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DeDonder-Weyl formulation

DeDonder-Weyl formulation

Conjugated multimomenta pµ
a = ∂L/∂qa

,µ

Multiphase space P

DeDonder Hamiltonian H(q, p) = pµ
a qa

,µ − L

Extended multiphase space M = P × Rn

Dedonder Hamiltonian action S =
∫

(pµ
a qa

,µ − H)Ωg
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a ∧ dqa ∧ (iµΩg )− H ∧ Ωg

DeDonder Hamiltonian action S =
∫
σ L

dL = dpµ
a ∧ dqa ∧ (iµΩg )− dH ∧ Ωg

Vratko Polák KTFDF FMFI UK BA SK

Multisymplectic Geometry in Classical Field Theory



Outline Introduction Formulations of mechanics Geometry of mechanics Classical fields Geometry of classical fields Summary

Multiphase bundle

Multiphase bundle

Multiphase bundle π : M → Rn

History = section σ : Rn → M

Lagrangian n-form L = pµ
a ∧ dqa ∧ (iµΩg )− H ∧ Ωg

DeDonder Hamiltonian action S =
∫
σ L

dL = dpµ
a ∧ dqa ∧ (iµΩg )− dH ∧ Ωg

Vratko Polák KTFDF FMFI UK BA SK

Multisymplectic Geometry in Classical Field Theory



Outline Introduction Formulations of mechanics Geometry of mechanics Classical fields Geometry of classical fields Summary

Multiphase bundle

Multiphase bundle

Multiphase bundle π : M → Rn

History = section σ : Rn → M

Lagrangian n-form L = pµ
a ∧ dqa ∧ (iµΩg )− H ∧ Ωg

DeDonder Hamiltonian action S =
∫
σ L

dL = dpµ
a ∧ dqa ∧ (iµΩg )− dH ∧ Ωg

Vratko Polák KTFDF FMFI UK BA SK

Multisymplectic Geometry in Classical Field Theory



Outline Introduction Formulations of mechanics Geometry of mechanics Classical fields Geometry of classical fields Summary

Multiphase bundle

Multiphase bundle

Multiphase bundle π : M → Rn

History = section σ : Rn → M

Lagrangian n-form L = pµ
a ∧ dqa ∧ (iµΩg )− H ∧ Ωg

DeDonder Hamiltonian action S =
∫
σ L

dL = dpµ
a ∧ dqa ∧ (iµΩg )− dH ∧ Ωg

Vratko Polák KTFDF FMFI UK BA SK

Multisymplectic Geometry in Classical Field Theory



Outline Introduction Formulations of mechanics Geometry of mechanics Classical fields Geometry of classical fields Summary

Multiphase bundle

Multiphase bundle

Multiphase bundle π : M → Rn

History = section σ : Rn → M

Lagrangian n-form L = pµ
a ∧ dqa ∧ (iµΩg )− H ∧ Ωg

DeDonder Hamiltonian action S =
∫
σ L

dL = dpµ
a ∧ dqa ∧ (iµΩg )− dH ∧ Ωg

Vratko Polák KTFDF FMFI UK BA SK

Multisymplectic Geometry in Classical Field Theory



Outline Introduction Formulations of mechanics Geometry of mechanics Classical fields Geometry of classical fields Summary

Equations of motion

Equations of motion

Variation of σ = vertical vector field ξ defined at least on σ

Movement is relative: σ stays, L moves.

LξL = diξL + iξdL

Therefore σ∗(iξdL) = 0

qa
,µ = ∂H/∂pµ

a

pµ
a ,µ = −∂H/∂qa
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Multiphase space

Multiphase space

Multiphase space = fibre of multiphase bundle

dL restricts to ω = dpµ
a ∧ dqa ∧ (iµΩg )

Phase space 6= space of solutions of equations of motion

Observables do not generate multisymplectomorphisms

Vratko Polák KTFDF FMFI UK BA SK

Multisymplectic Geometry in Classical Field Theory



Outline Introduction Formulations of mechanics Geometry of mechanics Classical fields Geometry of classical fields Summary

Multiphase space

Multiphase space

Multiphase space = fibre of multiphase bundle

dL restricts to ω = dpµ
a ∧ dqa ∧ (iµΩg )

Phase space 6= space of solutions of equations of motion

Observables do not generate multisymplectomorphisms

Vratko Polák KTFDF FMFI UK BA SK

Multisymplectic Geometry in Classical Field Theory



Outline Introduction Formulations of mechanics Geometry of mechanics Classical fields Geometry of classical fields Summary

Multiphase space

Multiphase space

Multiphase space = fibre of multiphase bundle

dL restricts to ω = dpµ
a ∧ dqa ∧ (iµΩg )

Phase space 6= space of solutions of equations of motion

Observables do not generate multisymplectomorphisms

Vratko Polák KTFDF FMFI UK BA SK

Multisymplectic Geometry in Classical Field Theory



Outline Introduction Formulations of mechanics Geometry of mechanics Classical fields Geometry of classical fields Summary

Multiphase space

Multiphase space

Multiphase space = fibre of multiphase bundle

dL restricts to ω = dpµ
a ∧ dqa ∧ (iµΩg )

Phase space 6= space of solutions of equations of motion

Observables do not generate multisymplectomorphisms

Vratko Polák KTFDF FMFI UK BA SK

Multisymplectic Geometry in Classical Field Theory



Outline Introduction Formulations of mechanics Geometry of mechanics Classical fields Geometry of classical fields Summary

Multisymplectic Geometry

Classical fields as multidimensional mechanics

Very similar but not for quantization.

Thank you.
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