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• q–dimensional twisted cocycles of the adjoint representation

• q = 1... generalized derivations

– classification of (α, β, γ)–derivations

– three–dimensional Lie algebras

• two–dimensional twisted cocycles of the adjoint representation

– classification

– four–dimensional Lie algebras

• application to contractions

– one–parametric continuous contractions

– graded contractions
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Notation

• L . . . finite–dimensional complex Lie algebra

• End(L) . . . associative algebra of all endomorphisms of the vector space L

• gl(L) . . . [A,B] = AB −BA A,B ∈ End(L)

• jor(L) . . . A ◦B = 1
2(AB +BA) A,B ∈ End(L)

• der(L) . . . Lie algebra of derivations of L

• C(L) . . . center of Lie algebra L

• Cq(L,L) . . . space of q–dimensional L–cochains, i. e. q−linear maps

c : L × L× · · · × L︸ ︷︷ ︸
q−times

→ L

c(x1, . . . , xi, . . . , xj, . . . , xq) + c(x1, . . . , xj, . . . , xi, . . . , xq) = 0
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Twisted Cocycles of Lie algebras

• Zq(L, ad) . . . q–dimensional cocycles of the adjoint representation: c ∈ Cq(L,L)

0 =

q+1∑
i=1

(−1)i+1[xi, c(x1, . . . , x̂i, . . . , xq+1)]+

+

q+1∑
i,j=1
i<j

(−1)i+jc([xi, xj], x1, . . . , x̂i, . . . , x̂j, . . . , xq+1)

• generalization: κ . . . (q + 1)× (q + 1) complex symmetric matrix
Zq(L, ad, κ) . . . q–dimensional κ–cocycles of the adjoint representation: c ∈ Cq(L,L)

0 =

q+1∑
i=1

(−1)i+1κii[xi, c(x1, . . . , x̂i, . . . , xq+1)]+

+

q+1∑
i,j=1
i<j

(−1)i+jκijc([xi, xj], x1, . . . , x̂i, . . . , x̂j, . . . , xq+1)
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• Proposition. Let g : L → L̃ be an isomorphism of Lie algebras L and L̃. Then
the mapping % : Cq(L,L) → Cq(L̃, L̃), q ≥ 1 defined for all c ∈ Cq(L,L) and all

x1, . . . , xq ∈ L̃ by

(%c)(x1, . . . , xq) = gc(g−1x1, . . . , g
−1xq)

is an isomorphism of vector spaces Cq(L,L) and Cq(L̃, L̃). For any complex sym-
metric (q + 1)–square matrix κ

%(Zq(L, adL, κ)) = Zq(L̃, adL̃, κ)

holds.



• Proposition. Let g : L → L̃ be an isomorphism of Lie algebras L and L̃. Then
the mapping % : Cq(L,L) → Cq(L̃, L̃), q ≥ 1 defined for all c ∈ Cq(L,L) and all

x1, . . . , xq ∈ L̃ by

(%c)(x1, . . . , xq) = gc(g−1x1, . . . , g
−1xq)

is an isomorphism of vector spaces Cq(L,L) and Cq(L̃, L̃). For any complex sym-
metric (q + 1)–square matrix κ

%(Zq(L, adL, κ)) = Zq(L̃, adL̃, κ)

holds.

⇒ dimension of Zq(L, ad, κ) is an invariant of Lie algebra L
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(α, β, γ)–derivations

• q = 1

• Z1(L, ad) = der(L)

• Z1
(
L, ad,

(
β α
α γ

))
= der(α,β,γ) L

der(α,β,γ) L = {A ∈ End(L) | αA[x, y] = β[Ax, y] + γ[x,Ay], ∀x, y ∈ L}

• Theorem. For any α, β, γ ∈ C there exists δ ∈ C such that the subspace
der(α,β,γ) L ⊂ End(L) is equal to some of the four following subspaces:

1. der(δ,0,0) L
2. der(δ,1,−1) L
3. der(δ,1,0) L
4. der(δ,1,1) L.
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Theorem. Suppose that α, β, γ ∈ C are not all zero. Then the space der(α,β,γ) L
is equal to some of the following:

1. Lie algebra of derivations der(1,1,1) L ⊂ gl(L),

2. Lie algebra der(0,1,1) L ⊂ gl(L),

3. associative algebra der(1,1,0) L ⊂ End(L) (centralizer of the adjoint representation)

4. associative algebra der(1,0,0) L ⊂ End(L) of dimension

dim der(1,0,0) L = codim[L,L] dimL,

5. associative algebra der(0,1,0) L ⊂ End(L) of dimension

dim der(0,1,0) L = dimL dimC(L),

6. Jordan algebra der(1,1,−1) L ⊂ jor(L),

7. Jordan algebra der(0,1,−1) L ⊂ jor(L) (quasicentroid),

8. subspace der(δ,1,0) L for some δ ∈ C,

9. subspace der(δ,1,1) L for some δ ∈ C.
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Intersections of the spaces der(α,β,γ) L

• Theorem. Let L be a complex Lie algebra. Suppose α, β, γ ∈ C are not all zero
and α′, β′, γ′ ∈ C. Then the intersection der(α,β,γ) L∩ der(α′,β′,γ′) L is equal to some
of the previous cases 1. – 9. or to some of the following:

1. associative algebra der(1,0,0) L ∩ der(0,1,0) L ⊂ EndL of dimension

dim(der(1,0,0) L ∩ der(0,1,0) L) = codim[L,L] dimC(L).

2. Lie algebra der(1,1,1) L ∩ der(0,1,1) L ⊂ gl(L).
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Invariant functions

• ψL : C → {0, 1, 2, . . . , (dimL)2}

ψL(α) = dim der(α,1,1) L

• ψ0L : C → {0, 1, 2, . . . , (dimL)2}

ψ0L(α) = dim der(α,1,0) L

L ∼= L̃ ⇒ ψL = ψ L̃ and ψ0L = ψ0 L̃
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Example

• g3,4(a) : [e1, e3] = e1, [e2, e3] = ae2, a 6= 0,±1

· der(1,1,1) = spanC

{(
0 0 1
0 0 0
0 0 0

)
,
(

0 0 0
0 0 1
0 0 0

)
,
(

1 0 0
0 0 0
0 0 0

)
,
(

0 0 0
0 1 0
0 0 0

)}
∼= g2,1⊕ g2,1

· der(0,1,1) = spanC

{(
0 0 1
0 0 0
0 0 0

)
,
(

0 0 0
0 0 1
0 0 0

)
,
(

1 0 0
0 1 0
0 0 −1

)}
∼= g3,3

· der(1,1,0) = spanC

{(
1 0 0
0 1 0
0 0 1

)}
∼= g1

· der(1,0,0) = spanC

{(
0 0 1
0 0 0
0 0 0

)
,
(

0 0 0
0 0 1
0 0 0

)
,
(

0 0 0
0 0 0
0 0 1

)}
∼= g3,3

· der(0,1,0) = {0}

· der(1,1,1) ∩ der(0,1,1) = spanC

{(
0 0 1
0 0 0
0 0 0

)
,
(

0 0 0
0 0 1
0 0 0

)}
∼= 2 g1

· der(1,0,0) ∩ der(0,1,0) = {0}

· der(1,1,−1) = {0}
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· der(0,1,−1) = spanC

{(
1 0 0
0 1 0
0 0 1

)}
· der(δ,1,0) = {0}δ 6=1

· der(δ,1,1) = spanC

{(
0 0 1
0 0 0
0 0 0

)
,
(

0 0 0
0 0 1
0 0 0

)
,
(

1 0 0
0 1 0
0 0 −1+δ

)}
δ 6=1,a,1/a

· der(a,1,1) = spanC

{(
0 0 1
0 0 0
0 0 0

)
,
(

0 0 0
0 0 1
0 0 0

)
,
(

1 0 0
0 1 0
0 0 −1+a

)
,
(

0 0 0
1 0 0
0 0 0

)}
· der(1

a ,1,1) = spanC

{(
0 0 1
0 0 0
0 0 0

)
,
(

0 0 0
0 0 1
0 0 0

)
,
( 1 0 0

0 1 0
0 0 −1+1

a

)
,
(

0 1 0
0 0 0
0 0 0

)}



· der(0,1,−1) = spanC

{(
1 0 0
0 1 0
0 0 1

)}
· der(δ,1,0) = {0}δ 6=1

· der(δ,1,1) = spanC

{(
0 0 1
0 0 0
0 0 0

)
,
(

0 0 0
0 0 1
0 0 0

)
,
(

1 0 0
0 1 0
0 0 −1+δ

)}
δ 6=1,a,1/a

· der(a,1,1) = spanC

{(
0 0 1
0 0 0
0 0 0

)
,
(

0 0 0
0 0 1
0 0 0

)
,
(

1 0 0
0 1 0
0 0 −1+a

)
,
(

0 0 0
1 0 0
0 0 0

)}
· der(1

a ,1,1) = spanC

{(
0 0 1
0 0 0
0 0 0

)
,
(

0 0 0
0 0 1
0 0 0

)
,
( 1 0 0

0 1 0
0 0 −1+1

a

)
,
(

0 1 0
0 0 0
0 0 0

)}

α 1 a 1
a

[ψ g3,4(a)](α) 4 4 4 3

α 1

[ψ0 g3,4(a)](α) 1 0



· der(0,1,−1) = spanC

{(
1 0 0
0 1 0
0 0 1

)}
· der(δ,1,0) = {0}δ 6=1

· der(δ,1,1) = spanC

{(
0 0 1
0 0 0
0 0 0

)
,
(

0 0 0
0 0 1
0 0 0

)
,
(

1 0 0
0 1 0
0 0 −1+δ

)}
δ 6=1,a,1/a

· der(a,1,1) = spanC

{(
0 0 1
0 0 0
0 0 0

)
,
(

0 0 0
0 0 1
0 0 0

)
,
(

1 0 0
0 1 0
0 0 −1+a

)
,
(

0 0 0
1 0 0
0 0 0

)}
· der(1

a ,1,1) = spanC

{(
0 0 1
0 0 0
0 0 0

)
,
(

0 0 0
0 0 1
0 0 0

)
,
( 1 0 0

0 1 0
0 0 −1+1

a

)
,
(

0 1 0
0 0 0
0 0 0

)}

α 1 a 1
a

[ψ g3,4(a)](α) 4 4 4 3

α 1

[ψ0 g3,4(a)](α) 1 0

g3,4(a)
∼= g3,4(b) ⇔ ψ g3,4(a) = ψ g3,4(b).
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L Commutators Invariant function

g2,1⊕ g1 [e1, e2] = e2 (310)(31)(1)
α 0

ψ(α) 6 4

g3,1 [e2, e3] = e1 (310)(310)(13)
α

ψ(α) 6

g3,2 [e1, e3] = e1,

[e2, e3] = e1 + e2

(320)(32)(0)
α 1

ψ(α) 4 3

g3,3 [e1, e3] = e1,

[e2, e3] = e2

(320)(32)(0)
α 1

ψ(α) 6 3

g3,4(−1) [e1, e3] = e1,

[e2, e3] = −e2

(320)(32)(0)
α -1 1

ψ(α) 5 4 3
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L Commutators Invariant function

g3,4(a) [e1, e3] = e1,

[e2, e3] = ae2,

(320)(32)(0)
α 1 a 1

a

ψ(α) 4 4 4 3

sl(2,C) [e1, e3] = −2e2,

[e1, e2] = e1,

[e2, e3] = e3

(3)(3)(0)
α -1 1 2

ψ(α) 5 3 1 0



L Commutators Invariant function

g3,4(a) [e1, e3] = e1,

[e2, e3] = ae2,

(320)(32)(0)
α 1 a 1

a

ψ(α) 4 4 4 3

sl(2,C) [e1, e3] = −2e2,

[e1, e2] = e1,

[e2, e3] = e3

(3)(3)(0)
α -1 1 2

ψ(α) 5 3 1 0

• Theorem. (Classification of three–dimensional complex Lie algebras)

Let L and L̃ be two three–dimensional complex Lie algebras. Then

L ∼= L̃ ⇔ ψL = ψ L̃.



L Commutators Invariant function

g3,4(a) [e1, e3] = e1,

[e2, e3] = ae2,

(320)(32)(0)
α 1 a 1

a

ψ(α) 4 4 4 3

sl(2,C) [e1, e3] = −2e2,

[e1, e2] = e1,

[e2, e3] = e3

(3)(3)(0)
α -1 1 2

ψ(α) 5 3 1 0

• Theorem. (Classification of three–dimensional complex Lie algebras)

Let L and L̃ be two three–dimensional complex Lie algebras. Then

L ∼= L̃ ⇔ ψL = ψ L̃.

• Theorem. (Classification of two–dimensional complex Jordan alge-

bras) Let J and J̃ be two two–dimensional complex Jordan algebras. Then

J ∼= J̃ ⇔ ψJ = ψ J̃ .
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• q = 2

• coh(α1,α2,α3,β1,β2,β3) L = Z2

(
L, ad,

(
β1 α2 α3
α2 β3 α1
α3 α1 β2

))
• B ∈ C2(L,L)

0 = α1B(x, [y, z]) + α2B(z, [x, y]) + α3B(y, [z, x])
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Two–dimensional twisted cocycles

• q = 2

• coh(α1,α2,α3,β1,β2,β3) L = Z2

(
L, ad,

(
β1 α2 α3
α2 β3 α1
α3 α1 β2

))
• B ∈ C2(L,L)

0 = α1B(x, [y, z]) + α2B(z, [x, y]) + α3B(y, [z, x])

+ β1[x,B(y, z)] + β2[z, B(x, y)] + β3[y,B(z, x)].

• Theorem. For any α1, α2, α3, β1, β2, β3 ∈ C there exists α, β, γ, δ ∈ C such that the
subspace coh(α1,α2,α3,β1,β2,β3) L ⊂ C2(L,L) is equal to some of the following sixteen
subspaces:

1. coh(α,0,0,β,0,0) L; coh(α,0,0,β,1,−1) L; coh(α,1,−1,β,0,0) L; coh(α,β,−β,γ,1,−1) L
2. coh(α,0,0,β,1,0) L; coh(α,0,0,β,1,1) L; coh(α,β,−β,γ,1,0) L; coh(α,1,−1,β,1,1) L
3. coh(α,1,0,β,0,0) L; coh(α,1,1,β,0,0) L; coh(α,1,0,β,γ,−γ) L; coh(α,1,1,β,1,−1) L
4. coh(α,β,γ,δ,1,0) L; coh(α,β+1,β−1,γ,1,1) L; coh(α,1,1,β,γ+1,γ−1) L; coh(α,β,β,γ,1,1) L
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Invariant functions

• dimL = n

• ϕL : C → {0, 1, 2, . . . , n2(n− 1)/2}

ϕL(α) = dim coh(1,1,1,α,α,α) L

• ϕ0L : C → {0, 1, 2, . . . , n2(n− 1)/2}

ϕ0L(α) = dim coh(0,1,1,α,1,1) L



Invariant functions

• dimL = n

• ϕL : C → {0, 1, 2, . . . , n2(n− 1)/2}

ϕL(α) = dim coh(1,1,1,α,α,α) L

• ϕ0L : C → {0, 1, 2, . . . , n2(n− 1)/2}

ϕ0L(α) = dim coh(0,1,1,α,1,1) L

L ∼= L̃ ⇒ ϕL = ϕ L̃ and ϕ0L = ϕ0 L̃
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• g4,2(a) : [e1, e4] = ae1, [e2, e4] = e2, [e3, e4] = e2 + e3

a 6= 0,±1,−2



• g4,2(a) : [e1, e4] = ae1, [e2, e4] = e2, [e3, e4] = e2 + e3

a 6= 0,±1,−2

α 1 a 1
a

ψ g4,2(a)(α) 6 5 5 4

α 1

ψ0 g4,2(a)(α) 1 0



• g4,2(a) : [e1, e4] = ae1, [e2, e4] = e2, [e3, e4] = e2 + e3

a 6= 0,±1,−2

α 1 a 1
a

ψ g4,2(a)(α) 6 5 5 4

α 1

ψ0 g4,2(a)(α) 1 0

α 1 + a 2
a

ϕ g4,2(a)(α) 13 13 12

α 2 1 + a 1 + 1
a

ϕ0 g4,2(a)(α) 3 1 1 0



• g4,2(a) : [e1, e4] = ae1, [e2, e4] = e2, [e3, e4] = e2 + e3

a 6= 0,±1,−2

α 1 a 1
a

ψ g4,2(a)(α) 6 5 5 4

α 1

ψ0 g4,2(a)(α) 1 0

α 1 + a 2
a

ϕ g4,2(a)(α) 13 13 12

α 2 1 + a 1 + 1
a

ϕ0 g4,2(a)(α) 3 1 1 0

• Theorem. (Classification of four–dimensional complex Lie algebras)

Let L and L̃ be two four–dimensional complex Lie algebras. Then

L ∼= L̃ ⇔ ψL = ψ L̃ and ϕL = ϕ L̃.
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• U(ε) ∈ GL(L), 0 < ε ≤ 1
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Contractions of Lie algebras

One–parametric continuous contractions of Lie algebras

• U : (0, 1〉 → GL(L) continuous

• U(ε) ∈ GL(L), 0 < ε ≤ 1

[x, y]0 = lim
ε→0+

U(ε)−1[U(ε)x, U(ε)y]

• L → L0

• dim derL < dim derL0 ⇔ ψL(1) < ψL0(1)

• L → L0 ⇒ ψL ≤ ψL0 and ψL(1) < ψL0(1).

• Theorem.(Contractions of three–dimensional complex Lie algebras)
Let L and L0 be two three–dimensional complex Lie algebras. Then there exists
one–parametric continuous contraction L → L0 if and only if

ψL ≤ ψL0 and ψL(1) < ψL0(1).

• Theorem.(Contractions of two–dimensional complex Jordan algebras)
Let J and J0 be two two–dimensional complex Jordan algebras. Then there exists
one–parametric continuous contraction J → J0 if and only if

ψJ ≤ ψJ0 and ψJ (1) < ψJ0(1).
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• identification of results

• nilpotent one–parametric Lie algebras

• L(a) [e1, e3] = e5, [e1, e4] = −ae8, [e2, e3] = e7, [e2, e4] = e6,
[e3, e5] = e8, [e3, e7] = e6, 0 ≤ |a| ≤ 1

α 0 1

ψ0(α)L(a) 16 10 9

a = 0

α 0

[ψL(0)](α) 23 21

a = 1

α 0 -1 1
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α 0 1
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a
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Graded contractions of Lie algebras

• identification of results

• nilpotent one–parametric Lie algebras

• L(a) [e1, e3] = e5, [e1, e4] = −ae8, [e2, e3] = e7, [e2, e4] = e6,
[e3, e5] = e8, [e3, e7] = e6, 0 ≤ |a| ≤ 1

α 0 1

ψ0(α)L(a) 16 10 9

a = 0

α 0

[ψL(0)](α) 23 21

a = 1

α 0 -1 1

[ψL(1)](α) 22 21 20 19

a = −1

α 0 1

[ψL(−1)](α) 22 22 19

a 6= 0,±1

α 0 1 −a −1
a

[ψL(a)](α) 22 20 20 20 19

• for a, b 6= 0,±1, a 6= b, a 6= 1
b we have [ψL(a)](−a) = 20 6= [ψL(b)](−a) = 19 ⇒

L(a) � L(b)
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