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Notation

e L ... finite-dimensional complex Lie algebra

e Eind(L) ... associative algebra of all endomorphisms of the vector space £
ecl(L)...|[A,B|]=AB — BA A, B € End(£)

e jor(L)...Ao B =1(AB+ BA) A, B € End(L)

e der(L) ... Lie algebra of derivations of £

e C(L)... center of Lie algebra L

o CU(L,L)...space of g-dimensional L—cochains, i. e. g—linear maps

c:LXLx---xXL—L

qg—times

C(T1y oy Ty s Ty ooy Bg) HC(T1y oo, Ty ooy Ty oo, ) =0
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e /9L, ad)... g-dimensional cocycles of the adjoint representation: ¢ € C%(L, L)

q+1
0= Z<_1>Z+1[xi7 C(Qfl, <o 7:62'7 <o 7:CQ+1)]_|—
1=1
q+1
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e generalization: k... (¢ + 1) X (¢ + 1) complex symmetric matrix
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e Proposition. Let g : £L — L be an isomorphism of Lie algebras £ and L. Then
the mapping ¢ : CU(L, L) — CUL, L), ¢ > 1 defined for all ¢ € C¥L, £) and all
Ty, ...,Tq € L by

(0c) (w1, ..., 34) = ge(g w1, ..., g 2,

is an isomorphism of vector spaces CU(L, £) and CU(L, L£). For any complex sym-
metric (q + 1)-square matrix &

~

o(ZU(L,adz, k) = Z9(L, ad;, k)

holds.



e Proposition. Let g : £L — L be an isomorphism of Lie algebras £ and L. Then
the mapping ¢ : CU(L, L) — CUL, L), ¢ > 1 defined for all ¢ € C¥L, £) and all
Ty, ...,Tq € L by

(0c) (w1, ..., 34) = ge(g w1, ..., g 2,

is an isomorphism of vector spaces CU(L, £) and CU(L, L£). For any complex sym-
metric (q + 1)-square matrix &

~

o(ZYL,ads, k) = Z9(L,adz, K)

holds.

= dimension of Z9(L, ad, k) is an invariant of Lie algebra £
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(a, B, v)—derivations
og=1
o ZYL,ad) = der(L)

)) = der(a,g4) £
dera,p,) £ ={A € End(L) | aAlz,y] = B[Az,y] + 7z, Ay], V=z,y € L}

o /! (C,ad, (g

=0



(a, B, v)—derivations

og=1
o ZY(L,ad) = der(L)

o 21 (L.0d, (£2)) = dexiuss) £
dera,p,) £ ={A € End(L) | aAlz,y] = B[Az,y] + 7z, Ay], V=z,y € L}

e Theorem. For any a,3,7 € C there exists 6 € C such that the subspace
der(q 5., £ C End(£) is equal to some of the four following subspaces:
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Theorem. Suppose that «, 5,7 € C are not all zero. Then the space der, g,y £
is equal to some of the following:

1. Lie algebra of derivations der(; ;1) £ C gl(£),

2. Lie algebra der(g 1) £ C gl(£),

3. associative algebra der(; ; gy £ C End(L) (centralizer of the adjoint representation)
4. associative algebra der; o) £ C End(£L) of dimension

dim der(; o) £ = codim|L, £] dim L,

5. associative algebra der( 1) £ C End(£) of dimension
dimder( 0y £ = dim £ dim C(£),

6. Jordan algebra der(; ; 1) £ C jor(L),

7. Jordan algebra der( | ) £ C jor(£) (quasicentroid),

8. subspace der; ) £ for some 0 € C,

9. subspace der(s 1) £ for some § € C.
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Intersections of the spaces der(, 3. £

e Theorem. Let £ be a complex Lie algebra. Suppose «, 3,y € C are not all zero
and o/, 3',7" € C. Then the intersection der(, gy £ N dery g ) L is equal to some
of the previous cases 1. — 9. or to some of the following:

1. associative algebra der(; o) £ N derg0) £ C End L of dimension
dim(der(w,o) LN def((),l’()) ,C) = COdim[,C, L] dim C([/)
2. Lie algebra der(ljl,l) LN der(o’m) L C g1(£>
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ey L:C— {0,1,2,...,(dim £)?}

Y L(a) = dimder(y 11y £

o' L:C—{0,1,2,...,(dim £)?}

wo ,C(Oé) = dim der((m,o) L

~

LYEL = pL=vLand 'L =y L
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Example

* g374(a) . le1,e3] = e, |eg, €3] =aeq, a #0,=£1

der(; ;1) = span {(88%) (889) (%88) (8?8)}& o
(1,1,1) = Spalg 000/ \8aa/\d88 /) \aab = 8219821

. def(lyo’o) ﬂdef(o’l,o) = {O}
' der(1,1,—1) — {0}



SO
OO
—OoOoO

- der(p,1,—1) = spang { (

- der(s1,0) = {0}s4

0 ) }57&1,(1,1/@

_|_
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. der((),l,—l) = Spang { (

- der(s1,0) = {0}s1

0 ) }57&1,a,1/a

_|_

oo L

OO
—Oo O

OoO—O
[@vlanlan)
OO

—OoO
S
(@n]anlan)

. der((g’l)l) = spalg { (

OO
—OoO
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—O O

)
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OO
OO

—oO
[ev]enias)
[ev]enias)
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1
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[ g5a(@)]() | 110

— 3

Ygzala)l(a) | 4/4]4]3




OO
OO
—oo

. der((),l,_l) = Spang { (

- der(s1,0) = {0}s1

0 ) }57&1,a,1/a

_|_

oo L

OO
—Oo O

OoO—O
[enlanlan)
OO

—OoO
&)
(@n]anlan)

. der((g’l)l) = spalg { (

OO
—OoO

[ g5a(@)]() | 110

— 3

Ygzala)l(a) | 4/4]4]3

(0 g374(b)-

~~

g374(a,)

g34(b) < Y gz4(a)
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L Commutators Invariant function

g21D8 le1, e = e (310)(31)(1)
o
P(a) |64
231 eo, e3] = €1 (310)(310)(13)
o
P(a) |6
g3,2 :617 63: = €1, (320) (32)(O>
:62, 63: = €1 + €9 Q 1
Y(a)|4]3
833 e, es] = e, (320)(32)(0)
:627 63: — €2 @
P(a) |63
g34(—1) le1, €3] =ey, (320)(32)(0)
2, €3] = —ey @ 1)1
Y(a)| 5 (4|3
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1
[62,63] — aey, @ la a
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:61762: = €1, @ ~ |12
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L Commutators Invariant function

1
€2, €3] = ae, a tlal,
wia)|4]4]4]3
81(27 C) :617 63: — _2627 (3>(3>(0>
:61762: — €1, @ 112
:62,63: = e3 ¢<OZ> 5310

o Theorem.N(Classiﬁcation of three—dimensional complex Lie algebras)
Let £ and £ be two three-dimensional complex Lie algebras. Then

LYLosYL=yL.

e Theorem. (Classification of two—dimensional complex Jordan alge-
bras) Let J and J be two two—dimensional complex Jordan algebras. Then

J2JevT=vJ.
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°og =2

B ag ag
. COh(@l,a2,a3,B1,ﬁ2,53) L = 72 (E, ad, (042 B3 o ))

ag a1 (o



Two—dimensional twisted cocycles

°og=2

) B ag ag
° COh(m,ozz,ozg,ﬁLﬁzﬂ?)) L=27(L,ad, gi g?{ %;
[ B c C2<£7 ‘C’>

0=a1B(z,y, z]) + sB(z, [z,y]) + asB(y, |z, z])
+ 61[3}7 B(% Z)] + 62[’27 B<x7 ?J)] + 63[?/7 B(Zv 37)]



Two—dimensional twisted cocycles

°og=2

) B ag ag
° COh(m,ozz,ozg,ﬁLﬁzﬂ?)) L=27(L,ad, g; g?{ %;
[ B c C2<£7 ‘C’>

0=aB(z,y,2]) + a2B(z, [z,y]) + a3B(y, [z, z])
—|—51[£C,B<y, Z)] —|—52[Z,B<£E,y>] —i_ﬁ?)[va(va)]'

e Theorem. For any aq, as, as, B1, B2, B3 € Cthere exists a, 3,7y, € C such that the
subspace col(q,; ay.a3,81,8.85) £ C C?(L, L) is equal to some of the following sixteen
subspaces:

]“ COh &,070,5,0,0 COh @,0,0,6,1, 1) £7 COh(&717_1767070) £7 COh(O@BJ_ﬁf%ly_l) E

( e
2. COh(a 0,0,5,1,0) ~; coh, 0,0,6,1,1) L; COh(a,ﬁ,—ﬁ,%l,O) o COh(a,1,—1,5,1,1) L
3. COh(a,l,O,ﬁ,O,O)

(a )

4, COh 3.7.,0,1,0

SO L

(
(

; COh(a,1,1,5,o,0) L COh(a,l,o,ﬂ,y,—y) L; COh(a,1,1,5,1,—1) L
(

cohq,g41,5- 1,7,1,1) L; COh(a,l,l,ﬁ,v—H,v—l) L; COh(a,B,ﬁ,%l,l) L

7
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Invariant functions
edim/l =n
e pL:C—{0,1,2,...,n*(n—1)/2}
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Invariant functions
edim/l =n
e pL:C—{0,1,2,...,n*(n—1)/2}

QO;C(O() = dim COh(l,l,l,a,oz,oz) L
e L:C—{0,1,2,...,n%(n—1)/2}

QOO E(Oz) = dlm COh(O,LLOK,Ll) £

~

LE2L = oL=pLand 0L =L
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® gyo(a): e, eq] = aeq, |eg, eq] = €9, [e3,e4) = €2+ €3
040,41, —2



® g4’2(a) :

le1, eq] = aeyq, |eq; eq] = eq, |e3, 4] = €3+ €3

a#0,+£1, -2
o 1
¢g472(a)(04) 3

¢O g4’2(a)(cv)




® g4’2(a) :

le1, eq] = aeyq, |eq; eq] = eq, |e3, 4] = €3+ €3

a#0,+£1, -2
Q 1]la % Q 1
¢g472(a)(04) 619|5 ¢Og4,2(a>(@> 110
Q 14+ a % Q l4+all+ %
@g4,2<a)(@> 13 11312 g00g4’2(a)(oz) 1 1




® gyo(a): e, eq] = aeq, |eg, eq] = €9, [e3,e4) = €2+ €3

a0, 41,2
Q 1la % Q 1
¢g472(a)(04) 6/5|5]4 ¢Og4,2(a>(@> 110
Q l+a|2 a 2(1+a|l+1
pgyola)(a)| 13 13|12 0 gia(a)(a) 3] 1 | 1 |0

e Theorem. (Classification of four—dimensional complex Lie algebras)

~

Let £ and £ be two four-dimensional complex Lie algebras. Then

L2L < YpL=yL and gpﬁzgpz.
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e U:(0,1) - GL(L) continuous
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Contractions of Lie algebras
One—parametric continuous contractions of Lie algebras
e U:(0,1) - GL(L) continuous
e U(e) e GL(L), 0<e<1
[2,y]o = lim U(e)'[U(e)x, Ule)y]

e—0+
o L — L
e dimder £L < dimder £y & ¢ L(1) < ¢ Ly(1)
o L — Ly = YL < YPpLyand ¢ L(1) < Lo(1).

e Theorem.(Contractions of three-dimensional complex Lie algebras)
Let £ and Ly be two three-dimensional complex Lie algebras. Then there exists
one-parametric continuous contraction £ — L if and only if

WL <YLy and hL(1) <thL(l).



Contractions of Lie algebras
One—parametric continuous contractions of Lie algebras
e U:(0,1) - GL(L) continuous
e U(e) e GL(L), 0<e<1
[2,y]o = lim U(e)'[U(e)x, Ule)y]

e—0+
o L — L
e dimder £L < dimder £y & ¢ L(1) < ¢ Ly(1)
o L — Ly = YL < YPpLyand ¢ L(1) < Lo(1).

e Theorem.(Contractions of three-dimensional complex Lie algebras)
Let £ and Ly be two three-dimensional complex Lie algebras. Then there exists
one-parametric continuous contraction £ — L if and only if

WL <YLy and hL(1) <thL(l).

e Theorem.(Contractions of two—dimensional complex Jordan algebras)
Let J and J, be two two—dimensional complex Jordan algebras. Then there exists
one—parametric continuous contraction J — Jy if and only if

WI <vJ and ¥ J(1) < ¥ Jo(1).
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e identification of results

e nilpotent one—parametric Lie algebras

Graded contractions of Lie algebras

o L(a) e, e3l =es, [e1,eq] = —aes, |ea, 3] = €7, |es, e4] = e,
les, es5] = es, les,er] =€, 0 < |a| <1
Q 01
V(a)L(a)] 16109
a=>0 a=1 a=—1
Q 0 « 0 -1]1 Q 01
W £0))()] 23121 | [ £(D)](@)]22]21120]19] | [ £(=D)(a)]22|22]19
a=#0,+£1
Q 01 |—a —é
W L(a)](@) ] 22120 20 | 20 [19




Graded contractions of Lie algebras
e identification of results

e nilpotent one—parametric Lie algebras

o E(CL) [617 63] — €5, [617 64] — —aecg, [627 63] — €7, [627 64] — C¢,
[63765] = €8, [63767] — €6, 0 < |CL| <1

« 0] 1
V(a)L(a)] 16109

a=10 a=1 a=—1

Q 0 « 0 -1]1 Q 01

W L(0)|(a) [23]21| | [ L(D)|(ex) 22212019 | [ L(=1)](cx) |22]22|19
a=#0,+£1
Q 01 |—a —é
[ L(a)](a)]22(20] 20 | 20 |19

e for a,b#0,x1, a #b, a # 3 we have [¢) L(a)|(—a) = 20 # [ L(b)](—a) = 19 =
L(a) 2 L(D)
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