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Moment map

Ry: M — M RZw:w

Rg<—>fX Xeg

0= £§Xw = igxdw —+ digxw = d(igxw)

igxw = —Qx = dax =0
CKX_|_)\Y:OéX—|-)\OéY A€eR
ax = X', ;1= Qp,

R;CVX = C\fAng l.e. ng()zy = Oé[X’y]



Globally hamiltonian action: ax = dPx.

ieyw=—dPx ie. &xf={Px,f}
Px := X'P; P; = Pp,

(]

Pxiyy = Px + APy

P:M—G" (P(x),X) = Px(z), xte M
P=PE'
R;Px = Pag,x + k(g,X) k(g, X) eR

ExPy ={Px,Py} = Pxy)+B(X,)Y)



Poisson action: equivariant P = moment map

B(X,Y) =0 k(g,X) =0

M -t g

Rgl lAdZ

M —— §*
P

In mechanics:

if G preserves (M,w, H), then P = P,E" =



Symplectic reduction

Free, Poisson action of G on (M, w)

M
My,
Gx
T T e
Y P / g*
. p
M, |
T
My :=A{z € M | P(x) = p}
Pi(z) =p; = const., i=1,...,dimG
RgMp = Maq 5P
R,M, = M, g € G, = stabilizer of p

T M, — Mp principal G, bundle



w=w gEGpvajEw’Mp

O(w, . ) =0 for any vertical vector w
w is Gp-invariant and vertical, so pull-back of @ on Mp:

kA

wW=T W

It is closed and non-degenerate = symplectic.

A

(M,w) — (Mp,v) =reduced phase space

A A

(M,w,H) — (M,,&,H) = reduced hamiltonian system



Example 1:

Original hamiltonian system:

RO[r,p|, w = dp. Adr, H(r,p) = p?/2m + mgz

Symmetry group: translations in x, y directions (lifted action)

Reduced hamiltonian system:

R2[z,p], & = dp Adz, H(z,p) = % +mgz

Example 2:
Original hamiltonian system:

Phase space R12[r17 Iz, Pi, p2] = T*R6 [r17 I’2]

2 2
P1_|_P2

2m1 2m2

H(r17r27plap2) — —|—U(‘I‘1 —I'2|)

Symmetry group: lifted translations

Ra : (r1,r2,p1,pP2) — (r1 +a,ry + a,p1, p2)

Reduced hamiltonian system:
2

Mp :RG[rap]a @:dp/\dr, ﬁ:ﬁ(r’p) — 12)_” _|_U(,r.)



Example 3:
Further reduction by rotations:

Symmetry group: lifted rotations

r — Ar p— Ap A€ SO(3)

Reduced hamiltonian system:

~ ~ 2
M, = R*(r,p,), © = dp, ANdr, H(r,p,) = g—; + 253 + U(r)

Example 4:
CP" from C"*! via U(1) reduction

Original: C"*! with canonical symplectic form

i
= —— dz* ANdz®
w 5 V4 <

Reduced: CP™ with Fubini-Study symplectic form

~ Z ~ _k . ) (1 + fu_)w)ékj _ wk/u_].]
w=—3 hg,; dw® A dw’ hg; = A+ aw)?

THANK YOU



