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1. Basic notations and definitions

u denotes a real function u(xq, ..., z,),

ou
ox;’

u denotes the set of all partial derivatives of the order k

u,, denotes the partial derivative

of a function u,

D; denotes the operator of the full differentiation over z;.

T)n( denotes the extension of the m - th order of a vector

field X to the space (x1, xo, Ty Uy Uy U, ...,u ) and its

m

defined by the formula:




where coefficients (' are defined by:

Gt = Dila---aip (77 - u37k€ ) T Uz ooy iy &

where the summation is over £;
(71,79, ..., 1., ) are fixed,
X = &i(x,u, Us oo, u) 0y, + n(z,u, Uy o, u)0y




Definition 1 Let G be a Lie group of transformations
with the parameter a € R,
f,ge G, v eR" u=u(zq,..,x,) and

T = f(x,u,a), v=g(x,u,a).

a) A function F(x,u) is called an invariant of G iff :

Veer F(z,u) = F(z,u).

b) An expression F(x,u, U, U, ..u) 1s called a differential

m

invariant (of the m—th order) of the group G iff :

Veer F (7, u, 1&, U, ..U ) = F(:c,u,y, u, ).
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c) The general (or universal) differential invariant of the

m-th order is the set of all differential invariants from

the order zero to the order m inclusive,

d) A mazximal set of functionally independent invariants
of the order r < m of a Lie group G 1s called a functional

basis of the m—th order differential invariants of G,

e) QQ is called an operator of the invariant differentiation,
of for any differential invariant F of the group G the
expression QF' is also the differential invariant of the

group G.




2. The Tresse theorem (1894)

For a given Lie group G with r parameters, acting in the
space (z,u),z €V CR", u:V = R, (C)
there exists a finite basis of functionally independent
invariants and exist operators of the invariant
differentiation (); such that arbitrary fixed order
invariant of G can be obtained in a finite number of
invariant differentiations and functional operations on

invariants from the basis.




This finite basis includes in the general differential

invariant of the minimal order s > 1 such that:

r = rank[é(z,u),n(z,u), (2, u, u, s ¢, u, Uy ooy U )]
(1)

Operators of the invariant differentiation are defined by:
Q; = )\;(:Iz,u,u, oy u) Dy, (2)

1

where \; = [\}] satisfies the condition:

XXj = N;Di(6), (3)




Remark 1 If a Lie group G acts in the space
(21, ..., Tn, U1, ..., up) € R™* then the number of elements
in a basis of the m—th order general invariant is given by

the formula

) - (W

where r,, 18 a rank of the matrix of coefficients of the

m—th prolongation of operators X, .




3. Examples

a) Consider the group of rotations in R3:

( ~ .
X = TxCoOsa — ysina

y=uxsina+ycosa , =1, s=1,

Uu=1u

\

with infinitesimal generator X = —yd, + z0,.

Invariants of the order zero satisty the equation Xw = 0

and they are

_ 9 9
Wor = U, Wo2 = T~ + Y




iXZ —Y0y + x0y — UyOy, + Uz0y,
and system (3) has the form:
TNy — Yho — Uy, + Ushy, = A2 [0, 1] + X [—1,0]".
Hence
Q1 = u. D, +u, Dy, Qo= —u,D,+u,D,.

The basis of a general invariant of the first order consists

of four elements:

1
u, o°+y°, ud + uz = Q1(wo1), TUz + yu, = §Q1(w02)




b) The Lorentz group in (z,y,u) € R® with the generator
X = y0, + 20y, r=1, s=1.

The base of invariants of the order zero has the form:

w, x* — >
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The first order basic invariants are: u, —wu,, Tu; + yuy,.

The invariant differentiation operators are:
Ql :nga:_FyDya Q2 :uar;Da:_uyDya

and the first order basic invariants can be obtained from

the zeroth order ones.




4. Application of the Tresse theorem to the

Schrodinger equation

Consider the NSE of the form:

It admits the infinite dimensional Lie algebra of

symmetry, but if we consider the system:

<th + e + Y% = 0
R a2 ol ] At

then we obtain only the 5—dimensional, solvable Lie

algebra of symmetry of this system:




Xl — ata X2 — aa:a X3 — wa%b o w*a?,b*?

X, = 1, + %x(zpap D),

We find the differential invariants of this algebra.

R(O):2+2-(Q;O)_4:o




W1 =

%: w; Wy = wt _Z(wm )2
|¢|¢ [l IR Yl )

vy ( o
g T\l

W3 =

(Yot — 13),

Wyqg =

|¢I2¢2

I TTEE |w5|

w5 — w57

PPT - Di(Q) + (Y — ") - D

We =

le6




2
where Q:%—z(%) :

1
— _Daza
=

s

and it appears that all second order differential invariants
can be obtained from the first order ones.
We have the invariant form of the studied NSE:

z’w2+w4+1:O




5. Conclusions

1) Using the Tresse theorem one can find the basis of
invariants and state whether or not some invariant is

fundamental

2) The conservation laws are fundamental invariants of

the Lie group of symmetry of PDE

3) NSE is not a fundamental invariant of its Lie group

of symmetry




