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Preliminaries on spherical harmonics

We adopt the following notations and definitions.
Sd−1 — the unit sphere in the euclidean space of dimension d ­ 3;
α is a constant defined by d = 2α+ 2
(x |y) is the scalar product of x , y ∈ Rd , r2 = (x |x) — the length2;
∆f =

∑d
j=1
∂2f
∂x2j
— the Laplacian in Rd .

P l = P l(Rd) - the space of homogeneous polynomials of degree l ,
Hl ⊂ P l(Rd) — the kernel of ∆ in P l , i.e. the space of harmonic
and homogeneous polynomials of degree l , with

dimHl = 2(l + α)Γ(2α+ l)
Γ(l + 1)Γ(2α+ 1)

.

The surface spherical harmonics of order l are defined as
restrictions of elements from Hl to the unit sphere Sd−1.
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Theorem : The canonical decomposition

The space P l decomposes orthogonally P l = ⊕[l/2]k=0r
2kHl−2k

and the decomposition is invariant with respect to the action of
K = SO(d). Thus any polynomial P ∈ P l may be written as

P =
[l/2]∑
k=0

r2khl−2k(P), with hl−2k(P) ∈ Hl−2k , (1)

and the harmonic components of P in the formula (1) are given

hl−2k(P) =
[l/2]−k∑
j=0

e lj(k)r
2j∆k+jP (2)

where

e lj(k) = (−1)j
(α+ l − 2k)Γ(α+ l − 2k − j)
4k+jk!j !Γ(α+ l + 1− k)

.
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The canonical decomposition, Theorem c.d.

In particular, set x = |x |ξ, take an arbitrary η ∈ Sd−1 and let l be
a nonnegative integer, then

( x | η )l = 2−lΓ(α)Γ(l+1)|x |l
[l/2]∑
k=0

(α+ l − 2k)
k!Γ(α+ l + 1− k)

Cαl−2k
(
( ξ | η )

)
.

(3)
Here Cαl (t) is the so called Gegenbauer polynomial defined by

Cαl (t) =
[l/2]∑
j=0

(−1)j Γ(α+ l − j)
Γ(α)Γ(j + 1)Γ(l + 1− 2j)

(2t)l−2j (4)
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The zonal polynomial

The group SO(d) acts irreducibly in Hl for each l , and there exists
a unique, up to a scalar multiple, polynomial in Hl which is
invariant under the action of the isotropy subgroup
Kη ' SO(d − 1) of a point η ∈ Sd−1. This polynomial is called
the zonal polynomial of degree l with pole at η and is given by

Z lη(x) = |x |l
[
Cαl (1)

]−1Cαl (( ξ | η )), x = |x |ξ. (5)
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The general form of an expansion
The profile function

We call a function f defined on the unit sphere Sd−1 a zonal
function (relative to a point η ∈ Sd−1) if it is invariant with
respect to the isotropy group Kη of η. Any such function is in fact
a function of one variable, namely the scalar product (ξ | η) and as
such can be written in the form

f (ξ) = φ((ξ | η)), ξ ∈ Sd−1,

where the function φ defined on the unit interval [−1, 1 ] ⊂ R will
be called the profile function of f .
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The general form of an expansion
The Fourier–Laplace expansion

Every square integrable function on the sphere can be written as a
series of spherical harmonics (the Fourier–Laplace expansion),
which for zonal functions reduces to

f (ξ) =
∞∑
m=0

fmZmη (ξ), where fm = dimHm
∫
Sd−1
f (ξ)Zmη (ξ) dσ(ξ).

(6)
The following result shows how the coefficients fk of the expansion
can be expressed in terms of the coefficients of the Taylor
expansion of the profile function φ.
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The general form of an expansion

Theorem

Assume φ : [−1, 1]→ C has the Taylor expansion
φ(t) =

∞∑
m=0

φ(m)(0)
m! t

m absolutely convergent on the interval [−1, 1]

and let f (ξ) = φ((ξ | η)) be the zonal function on the sphere Sd−1
corresponding to φ. Then the spherical Fourier expansion of f (ξ) is
given by

f (ξ) = Γ(α+ 1)
∞∑
m=0

fm dimHmZmη (ξ), (7)

where the coefficients of the expansion can be expressed by

fm =
∞∑
k=0

φ(m+2k)(0)
2m+2kk!Γ(α+m + k + 1)

. (8)
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The Bessel function

The Bessel function of the first kind are defined by the power
series convergent in the whole complex plane C

Jν(t) =
( t
2

)ν ∞∑
k=0

(−1)k

Γ(k + 1)Γ(k + ν + 1)

( t
2

)2k
where ν is a complex number satisfying Re ν > −1. The so called
spherical Bessel functions are given by

jν(t) = Γ(ν + 1)
( t
2

)−ν
Jν(t).
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Applications : 1) The plane wave expansion

As an immediate application of the Theorem 1 we get

Corollary

For arbitrary unit vectors ξ, η ∈ Sd−1 ⊂ Rd and u ∈ R+ the plane
wave e iu( ξ|η ) admits the following expansion

e iu( ξ|η ) =
∞∑
m=0

im dimHm Γ(α+ 1)
Γ(α+m + 1)

(u
2

)m
jα+m(u)Zmη (ξ).

The series converges absolutely for each fixed value of u ∈ R+ and
uniformly with respect to ξ, η ∈ Sd−1.
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Applications : 2) The expansion of the Poisson kernel

The Poisson kernel for the unit ball in Rd is given by

P(rη; ξ) =
1− r2

(1− 2r(ξ | η) + r2)d/2
, where 0 ¬ r < 1.

For fixed r it is a zonal function with a pole η and from the
Theorem 1 one can obtain a new proof of the following classical
expansio

P(rη; ξ) =
∞∑
m=0

dimHmrmZmη (ξ).
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Corollary

Let a function f on the sphere Sd−1 be a finite sum of surface
spherical harmonics of different degrees, f =

∑p
k=1 Yk , where Yk

are restrictions to the sphere of elements in Hnk . Then the Fourier
transform of the measure f (η) dσ(η) is given by the formula

∫
Sd−1
e i( x |η )f (η) dσ(η) =

p∑
k=1

( i
2

)nk Γ(α+ 1)
Γ(α+ nk + 1)

jα+nk (|x |)Yk(x)

In the terminology adopted in harmonic analysis functions
satisfying the conditions of the Corollary are called SO(d)-finite,
since their SO(d)-translates span a finite dimensional subspace.
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Theorem (F. J. Gonzalez Vieli, 2000; A.Bezubik, A.Strasburger,
2005)

If P ∈ P l , then the Fourier transform of the measure P(ξ)dσ(ξ)
with support on the unit sphere Sd−1 is given by the following
equivalent formulae ∫

Sd−1
e i( x |η )P(η) dσ(η) = (9)

(
i
2

)l [l/2]∑
k=0

(−1)k22kΓ(α+ 1)
Γ(α+ l + 1− 2k)

jα+l−2k(|x |)hl−2k(P)(x) = (10)

=
( i
2

)l [l/2]∑
k=0

(−1)kΓ(α+ 1)
k!Γ(α+ l + 1− k)

jα+l−k(|x |)(∆kP)(x) (11)

with hl−2k(P) denoting the harmonic components of P as in the
Eqn. (1).
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Preliminaries on spherical harmonics in complex space

We identify n-dimentional complex vector space with the even
dimensional Euclidean space R2n, Cn ' R2n, setting zj = xj + iyj ,
for j = 1, . . . , n, and (z1, ..., zn)→ (x1, ..., xn, y1, ..., yn).
Hermitian inner product in the space Cn is given by

(z |ξ) =
n∑
i=1

ziξi , z = (z1, ..., zn), ξ = (ξ1, ..., ξn)

and the corresponding norm

|ξ|2 = (ξ|ξ) =
n∑
i=1

|ξi |2.

G — special unitary group of degree n of matrices which satisfy

G = SU(n) = {A : AAT = I , A ∈ Mn(C), detA = 1},

where A
T
= A∗ is the Hermitian conjugation.
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The unit sphere and the isotropy group

The unit sphere S = {z ∈ Cn | |z |2 = 1} in Cn can be identified
with the unit sphere S2n−1 ⊂ R2n in the real Euclidean space R2n:

S 3 (z1, ..., zn)→ (x1, ..., xn, y1, ..., yn) ∈ S2n−1.

The sphere S can be realized as a coset space (a homogeneous
space) of the group G in the following way. Let K denote the
isotropy group of en ∈ Cn in G , i.e.

K = {A ∈ G | Aen = en}.
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It is easy to see that if A ∈ SU(n) then Aen = en if and only if A
splits into the following block form

A =

(
R 0
0 1

)

where R ∈ SU(n − 1), 1 ∈ C, and 0 stands for a (n − 1)-column
(resp. row) zero vector. This implies

S2n−1 ' S = G/K = SU(n) /SU(n − 1) .

Identifying Cn with R2n leads to an embedding of SU(n) in
SO(2n):

SU(n) 3 A = [aij ] = [αij + iβij ] 7→
(
(αij) (βij)
−(βij) (αij)

)
∈ SO(2n) .
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Polynomial in Cn

Every complex valued polynomial on R2n homogeneous of degree m
can be written using the multi-index notation in the following form

P(x1, ..., xn, y1, ..., yn) =
∑
pklx

ky l ,

where pkl ∈ Cn, xk = xk11 ...xknn , y l = x
l1
1 ...y

ln
n with multi-indices

k = (k1, ..., kn), l = (l1, ..., ln) ∈ Zn+, |k|+ |l | =
∑
ki +

∑
li = m.

Since xj = 12(zj + z̄j), yj =
1
2i (zj − z̄j) we may write it in the

complex multi-index notation

P(z , z) =
∑
qαβz

αzβ,

where α = (α1, ..., αn), β = (β1, ..., βn) ∈ Zn+,
α1 + α2 + ...+ αn + β1 + ...+ βn = m and qαβ ∈ C.
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We shall denote by Pm = Pm(Cn) the complex vector space
consisting of polynomial functions defined on Cn, which are
homogeneous of degree m. There are certain distinguished
subspaces of Pm consisting of the so called bi-homogeneous
polynomials which are defined as follows.

Definition

A polynomial P(z , z) is called bi-homogeneous of degree (p, q), if

P(uz , uz) = upuqP(z , z), for each u ∈ C.

We have the following formula

〈P | Q 〉 :=
∫
S2n−1
P(ξ)Q(ξ) dσ(ξ)

for the inner product in Pm(Cn).
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The Laplacian

A polynomial P ∈ Pm(Cn) is harmonic if ∆P = 0, where of course

∆ =
n∑
j=1

∂2

∂x2j
+
n∑
j=1

∂2

∂y2j

is the Laplacian. We recall that ∆ can be written in the complex
form by using complex derivatives

∂

∂zj
=
1
2

(
∂

∂xj
− i ∂
∂yj

)
;

∂

∂z j
=
1
2

(
∂

∂xj
+ i
∂

∂yj

)

as

∆ = 4
n∑
j=1

∂2

∂zj∂zj
.
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The space Hm = Pm ∩ ker∆ consists of harmonic and
homogeneous of degree m polynomials, while
H(p,q) = P(p,q) ∩ ker∆ is the space of harmonic and
bi-homogeneous of degree (p, q) polynomials. The restrictions of
harmonic polynomials to the unit sphere are called spherical
(surface) harmonics.
Since the action of SU(n) on Pm commutes with the Laplacian. It
leaves Hm invariant. Moreover, each P(p,q) is also invariant under
this action.
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Theorem (The complex case)

The space Pm decomposes orthogonaly as

Pm(R2n) =
⊕

p,q­0,p+q=m
P(p,q)(Cn)

and further

P(p,q)(Cn) = H(p,q) + r2H(p−1,q−1) + . . . +
+r2p H(0,q−p) , p < q
+r2q H(p−q,0) , p > q

Thus from the group theoretic point of view the above given
decomposition is the decomposition into irreducible representations
of the group SU(n). It can be shown [5] that each of the space
H(p,q) is irreducible under the action of SU(n) and for different
bi-degree the actions are inequivalent.
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