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= Consider transmission of information through quantum
channels in the the one-shot setting:

= transmission of quantum information.....



P CAMBRIDOE In the last lecture we saw that:
For transmission of quantum information through a noisy
channel JV in the one-shot setting (up to an error & ),

require: &
(state before @pe = Pr & O
decoding)
R (Pr) R . R
?in) A
A u. 2 U A-BE > ._[decoding |

unitary o E
encoding | @ ree )

i.e., the state of the reference system R is (approxly.)
decoupled from the state of the environment E of A/

= In this lecture: We shall make use of decoupling In
evaluating the quantum capacity of a channel
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(1) Choi-Jamilkowski (C-J) Isomorphism

Quantum Positive
operations operators

Let J4 = 7, with orthonormal basis {‘ I>}d

Do, = ‘(DRA><(DRA !

©0)= <=2 i) e

1=1

H Q H,

maximally entangled state (MES)

= Chol state of a quantum operation AA_)B :

:(idR ®AA%B)CDRAe P (74, ® 7,)
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History (decoupling)

First explicit use of decoupling in the Q.Info. Theory literature:

= M.Horodecki, J.Oppenheim & A.Winter

(state merging)

= A.Abeysinghe, |.Devetak, P.Hayden, A.Winter
(coherent state merging - FQSW)

= P.Hayden, M.Horodecki, J.Yard & A.Winter
(quantum info transmission)

“asymptotic memoryless setting”



& CanvBripGe  Pecoupling Theorem 6
gives conditions under which 2 subsystems of a
bipartite system can become almost uncorrelated (decoupled)

Rough idea: Initially Pra - possibly correlated

= Consider a unitary evolution of system A alone:

(1®U) pe (1 OUT)

= Then consider an arbitrary guantum operation on A

TIASATTT = (id @A) (1 ®U) p, (1 OUT))

= Decoupling theorem provides a bound on the distance
of a typical resulting state from a decoupled state:

i.e., bound on | e — Pr B O ||1




I UNIVERSITY OF i
& CAMBRIDGE  Pecoupling Theorem

J— (I -, (1 ®UT) - (id (1 ®U) pp, (1®U 1))
) (18 oV

= For quantum info transmission through a noisy channel:
R R :

\AU B

%i/ enc U J':\[_) BE @

encoding = decoding

X

‘wRBE>



B INIVERITYOF  Decoupling Theorem
(d®A)((1 ®U) pa (1 BU "))

= For quantum info transmission through a noisy channel:

R R
% pA U=U,, U™ B 9
A - | %
encoding Fr E . decoding
| g )

AMPE = A/A2E - complementary channel

e = (IA®N)((1 ®U) pp, (1 ®UT))
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History (decoupling) contd.

= Decoupling theorem provides a bound on

| @O — pr @ o ||, Wpe = e (U)

One-shot setting : decoupling theorems in which the bound on

| wge — Pr ® o ||, is given in terms of min/max entropies:

= [Berta], [Buscemi &ND], [Berta, Christandl, Renner], [ND,
Hsieh]

= [Dupuis];
= [Dupuis, %‘rta, Wullschleger, Renner]

(decoupling condition expressed in terms of
Choi state of the quantum operation)
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= One-shot decoupling theorem: [Dupuis et al]
Let ¢ >0; ARTE (quantum operation)

Ope =(1d, ®A)D,., Choi state of A

Then for any state Oras

[Iiid ®A)( ®U)@pR |1 dU
Mmu @Z—ZH%(AIR) Hmin (A1E),

j. du - Integral over the Haar measure on the
full unitary group over /7,

= Tr,one
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Opg = (idA' ® A)(DA'A C-J state of A

Then for any state Ora:

[l ® A)((1 ®U) ppn (1 RUT)) - p @ o ||, dU

l & 1 & 1
£~ Hain (AIR), = Hi (ATE),

£22min

j. du - Integral over the Haar measure on the
full unitary group over /7,

o =11,.0,¢
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= One-shot decoupling theorem: [Dupuis et al]
et £>0; N*F: o, =(id, @N)D,,

Then for any state Pga; Choi state of )/

j”a)RE (U) - px 1 dU
1 1

< 2__H in (AlR)p_EHmin (AllE)a

e (U) = 0 = (id @ M) ((1 ®U) pp (1 ©UT))

j. du - Integral over the Haar measure on the
full unitary group over /7,

= Tr,one
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= One-shot decoupling theorem:
implies that: U :

L

| ne (U) - pR®oE||1 22"

[Dupuis et al]

1 & 1
in (A|R)p_§Hmin (A |E)G

Wre(U) = 0pe = (id @ H)((1 ©U)pp, (1 OUT))

o pe = (id, ®N)D,., Choi state of N
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R
B
t% ey e “ 0
A
Stinespring E decoding
Isometry
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R

4 :

Q% U.,. U, D

Stinespring E decoding
Isometry
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R
/I\/IES
A B
% U enc U N @
Stinespring E decoding
- : Isometry
H, =~ 7,

= Alice locally prepares a maximally entangled state;

= A, R are both in her possession



I UNIVERSITY OF i i ..
<P CAMBRIDGE Application: one-shot entanglement transmission

R
/ﬁ ' A> MES
"""" A B :
Uenc UN @
Stinespring E decoding
' 7—/A ~ 7'/R; isometry
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R R; R
/\ﬁg/& MES Z‘CDEA>

A u_ U B ? A
H, ~ 7% o |

D)€ H,. @ Hy < H O A,

= Alice prepares a MES ‘CDQA>; both systems R & A are

_ _ with her
= Aim: to transmit the system A to Bob

= such that - after decoding, the state that Bob shares with
Alice is € — close to ‘CI)';;A>
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. R : :
/ﬁm > MES f‘q)m >
RA ~IRA/
\ A B ;
?} U.,. U, D state after
e | E sy §

Role of the encoding map: U .

To select a suitable coding subspace which is almost error-free
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{¥ CAMBRIDGE .
_R i
O, ) MES dPCRE
A ~ ‘ Dy >
: 3
?/ U enc U N D [state after
Stinespring — decoding
isometry E decoding %

‘CDE‘A> = MES of Schmidt rank M,

number of ebits transmitted (up toerror £ ) = |ogm

= Capacity.= maximum number of ebits transmitted
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R

(on) e )

?/ U enc U N @ state aftér
Stinespring — decoding
isometry E decoding %
Vee(0,1): |

One-shot g — error entanglement-transmission capacity:

E

QL (N)=sup log m : final state =@y,
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= Theorem: [ND, M-H.Hsieh; F.Buscemi & ND]

One-shot & — error entanglement-transmission capacity,

Vee(0,1):

Qe (N maxy—Hro (RIBY)

A—B .
=(Idy @ N7 )DL, ;
Since ‘CDQA> = 7/M ® 7, , action of N restricted to 7,

= OgRg depends on the choice of 7{,'

= hence maximise over all ¢/|v| - %
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= Theorem: [ND, M-H.Hsieh; F.Buscemi & ND]

One-shot ¢ — error entanglement-transmission capacity,
Vee(0,1):

QP* (M)~ max {-H:_ (R|B),}

Tha ST
'max{ R|B }+fg< (1)‘9JV_ ______
(e {-HRIB) |+ F() Q00 )
------------------- (s;pg;,{ Hi (RIB), |
. Proof- Step | (Achievability) ; Step 1l (Converse)

lower bound upper bound
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= Proof: Step | (Direct) lower bound

R R. R |
O ) MES JPER
\ i O =[oR)
A A B A
Stinespring E decoding
Isometry
‘ (OrsE >
(state before
= Such a decoding 9 exists if decoding)
g
Dre = Pr X Oc, P = r (completely mixed

m state)
= Use one-shot decoupling theorem
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= One-shot decoupling theorem: [Dupuis et al]

implies that: U :

1 .. 1 ..
__Hmln(AlR) EHmin(R|E)a

| e (U) - IOR®GE||1 2 2

Ope (U) = 0 = (Id®N)((1 ®U)DF, (1®UT))

=(id, ®./\7)CDE‘A; Choi state of NV " Pra = Dy

= since actionof N (& .. N) restricted to 7{|\/| C 7{6\
« and O, isaMESiIn 7, & A,
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= One-shot decoupling theorem: [Dupuis et al]

implies that: U :
1 1

__Hrfwln(AlR) _Hrf]in(R“E)a
| wge U) - IOR®GE”1 2 ° °
...... (a)
e (U) = wpe = = (Id®N)((1 V)DL, (1®U"))
~ =7
=(id, ® N)O™,; Pra = rn

= Require : RHS of (a) to be small
E

| e — Pr ® o || = O = Wre ® Pr B O

(approx.) decoupling!
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= One-shot decoupling theorem: [Dupuis et al]

implies that: 3U :

& __;“,Llrfﬂn (AlR) %Hrfun (R|E)o'
|| a)RE (U ) pR ® O ”1 2 - (a)
Note: Hoin (AIR) » =2 H (AIR) . =—logm
= (id, ® /)DL, ;

Purification: ‘GRBE> = (id, ®U ;%) Dy,

Duality of smoothed (R | E) _
min- and max- entropies: m'” B

nax (R B),

max
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1 1
£~ Hfin (AR) o~ Hiin (RIE),

| Oge = ®oe |, < 2 7

1Iog m+%H - (R|B),

&
D — ®G > max
| @e — 5 E HlS 2 ..(a)

= Decoupling occurs if: RHS of (a) Is small :

logm=-H_ (R|B)_ +loge;

max

= One-shot entanglement transmission capacity:

QP“ (W) = max {-H; (R|B),}+loge

max
Tty =)
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In summary

= We established the lower bound:

QP*(N) = max {—H; (R[B), |+ f(s)

Tt S

= Used the fact: decoupling => 3 a decoder

= Condition for decoupling == lower bound
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= Proof:
= Assume that 3 an encoding € & a decoding 2 such that

R R R;

Dp,  MES Dpp = DY,

AN p—

Pa A
encoding decoding

logm < ? = Qu (M) <7?
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M A

|Og m = —H (R | A) ) State after decoding :

&

Max ~ m
a)RA ~ (D RA

S max {_ max(R‘A)g}

§RA€B‘9 (@rp)

_ Dy

max (R ‘ A) — max (R ‘ B) .(!)B_)A

R (data-processing)

A A B

/m MES .
\CDRA Wrg Wpa
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Tty =7
Thus:
|Og ms=— Hmax(R | B)a) where
% l —(Id ®JVA_>B E)CDRA;

max (R ‘ B) where

s = (id, @NPYDT,;
Main ingredients of =k :

= Ricochet: (I ® A)|®)=(A' ®1)|D)

= Invariance of smooth conditional max-entropy under local

U .
ax (R1B), =Hoo (RIB), if @y <> 0y UNMAMIES

max

—logm<-H_  (R|B)_

max
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Tty Sy
logm<-H ., (R|B),

A—B _ _ ________________
= (id, @ N Bo&)DD,;

= (id, @ ¥"°)(id, ® E)DY,;

= (id ®./VA_>B)(€T idA)CDQA;

Wpg = (£T ® IdA) RB Data-processing inequality
Hio (R1B), < Hia (R1B),,
logm<-H:  (R|B), <-H. (R]|B),
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—logm<-H_ (R|B)_

maxX

QW (W) < max {-H: (R|B),|

Tt =7y

In summary

= We established the upper bound (converse) by starting
with the assumption that :

3 an encoding £ & a decoding & such that
E

decoded state iIs z(Drr?A

i smooth conditional
| GOII’]g frOm Iog m = _Hmax (R | A)(DE'A —— max_entropy
= Using data-processing inequality
= & Invariance of smooth conditional max-entropy under

unitaries
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One-shot g — error entanglement-transmission capacity:

QY (M)~ max {-H:  (R|B),|

T4y S
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One-shot setting == Asymptotic memoryless setting

Asymptotic Q (./V) — lim lim = Q(l),g (./V®n)

capacity £—0 N>

One-shot result: Q(l)g(./V) ~ Mmax { - (R|B), }

Fho 7y

L SQYH(NEM) L L
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One-shot setting == Asymptotic memoryless setting

Asymptotic Qet (./V) — lim lim = Q(l),g (./V®n)

capacity £—0 N>

One-shot result: Q(l)g(./V) ~ Mmax { - (R|B), }

Fho 7y

QW (WM < max {-H7,(RIB), |

\/

Qet(./V)_Ilm— max_{-S(R|B), |

®n
=0 N 74y SH)

O, = Orp = (ian ®N®”)(I)E:An
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One-shot setting == Asymptotic memoryless setting

Q, (V) =lim E max_{-S(R|B), |

N—>® [ Hy <y

|§>B =—=S(ogg) +S(og) =—-S(R] B)an

n

coherent information
Entanglement transmission capacity (in asymptotic, memoryless setting)

- 1 R,>B
Q. (N) = lmﬁﬁmay)/(m | """ [Lloyd, Shor, Devetak]
My &7 7A

regularized coherent information

o, =0gp =(idg ®N")Dg",
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= Quantum information transmission through a noisy
guantum channel N in the one-shot setting

existence of a decoder:

= Decoupling

such that Bob can recover the quantum state sent by
Alice up to an error &

= One-shot entanglement transmission through a quantum
channel : bounds on the capacity

-- given in terms of the smooth conditional max-entropy
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= One-shot entanglement transmission capacity

QY* (W)~ max {-H; (R|B),}

Pt S

= This yields bounds on the one-shot quantum capacity of A/

since Q( )E(./V) @ Qe(tl),g (‘/V)

N
one-shot quantum

capacity

= Retrieve known asymptotic result of Lloyd, Shor & Devetak:

-- given in terms of the regularized coherent information



&5 CAMBRIDGE Optimal rates of Info-processing tasks
One-shot setting Asymp. memoryless settng

given in terms of

_ given In terms of entropies
smoothed entropies

obtained from: obtained from:
Dyin (£116), Dy (211 0), Dy Il 0) Dipllo)

Quantum Asymptotic Equipartition Property

= €.0
Ve 0, limsup= Dy, (0 [|0°") = D(p | o)
noso N

One-shot bounds ™=@ gsymptotic, I.1.d. result
N — oo




